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ABSTRACT. The Vlasov-Maxwell-Boltzmann system is a fundamental model
to describe the dynamics of dilute charged particles, where particles interact
via collisions and through their self-consistent electromagnetic field. We prove
the existence of global in time classical solutions to the Cauchy problem near
Maxwellians.

1. THE VLASOV-MAXWELL-BOLTZMANN SYSTEM

The Vlasov-Maxwell-Boltzmann system describes the dynamics of dilute charged
particles (e.g. electrons and ions):

OFs +0-VoFs+ = (B+ 2 x B) -V, Fe = QT (Fy, Fy) + Q7 (Fy, Fo),
+

(1)
OF_ +v- Vo F_ — :L—* (E+ % x B) VoF_ =Q (F_,F_)+Q T (F_,F).

The initial conditions are Fy (0, x,v) = Fy 4 (x,v). Here F'y(¢,2,v) > 0 are number
density functions for ions (+) and electrons (-) respectively at time ¢ > 0, position
x = (21,22, 73) € R and velocity v = (v1,v2,v3) € R3. The constants e and m4
are the magnitude of their charges and masses, and c is the speed of light.

The self-consistent electromagnetic field [E(t, z), B(t,z)] in (1) is coupled with
F(t,x,v) through the celebrated Maxwell system:

OFE —cVy x B=—41J = —471'/ v{er Fy —e_F_}dv,
RS
8tB+CVI X E‘:O7
with constraints

Ve - B=0, V, -E=4dmp = 47r/ {e;Fy —e_F_}dv,
R3

and initial conditions FE(0,z) = Eq(x), B(0,z) = Bo(x).

Let ga(v), gg(v) be two number density functions for two types of particles A
and B with masses m; and diameters o; (i € {A, B}). In this article we consider
the Boltzmann collision operator with hard-sphere interactions [3]:

(oA +0B)°

; (= v) - wl{ga (V)92 (W) — g4 (v)g5(u) }dude.
R3 x 52

2) Q*P(ga,g5) =

Here w € S? and the post-collisional velocities are
QmB 2mA

3) v =vw (v —u) - ww, u =u+ [(v—u) - ww.

ma +mp ma +mp
Then the pre-collisional velocities are v, u and vice versa.
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Recently global in time smooth solutions to the Vlasov-Maxwell-Boltzmann sys-
tem near Maxwellians were constructed by Guo [11] in the spatially periodic case.
Further, arbitrarily high polynomial time decay for the Vlasov-Maxwell-Boltzmann
system and the relativistic Landau-Maxwell system [17] was shown in the periodic
box by Strain and Guo [18].

A simpler model can be formally obtained when the speed of light is sent to
infinity. This is the Vlasov-Poisson-Boltzmann system, where B(t,z) = 0 and
E(t,z) = Vz¢(t,z) in (1). Here the self-consistent electric potential, ¢, satisfies a
Poisson equation. There are several results for this model.

Time decay of solutions to the linearized Vlasov-Poisson-Boltzmann system near
Maxwellian was studied by Glassey and Strauss [7,8]. The existence of spa-
tially periodic smooth solutions to the Vlasov-Poisson-Boltzmann system with near
Maxwellian initial data was shown by Guo [10]. Renormalized solutions were con-
structed by Lions [13], and this was generalized to the case with boundary by
Mischler [16]. The long time behavior of weak solutions with additional regularity
assumptions are studied in Desvillettes and Dolbeault [4]. For some references on
the Boltzmann equation with or without forces see [2,3,6,21].

Next we discuss global in time classical solutions to the Cauchy problem for
the Vlasov-Poisson-Boltzmann system. The case of near vacuum data was solved
by Guo [9] for some soft collision kernels. Recently Duan, Yang and Zhu [5] have
resolved the near vacuum data case for the hard sphere model and some cut-off
potentials. The near Maxwellian case was proven by Yang, Yu and Zhao [19] with
restrictions on either the size of the mean free path or the size of the background
charge density. After the completion of the results in this paper we learned that
Yang and Yu [20] have removed those restrictions and further shown a time decay
rate to Maxwellian of O(t~1/2). However, to the author’s knowledge, until now no
solutions have been constructed for the full Vlasov-Maxwell-Boltzmann system in
the whole space.

It is our purpose in this article to establish the existence of global in time classical
solutions to the Cauchy Problem for the Vlasov-Maxwell-Boltzmann system near
global Maxwellians:

n m 3/2 2
'u_,'_(v) = 2o ( + > efer"”l /2"5TO7

e+ \2nkT
no m 8/2 2
__Y - —m_|v| /2KTO.
H-(0) e <27mT0> N

Accordingly, in the rest of this section we will reformulate the problem (1) as a
perturbation of the equilibria.

Since the presence of the physical constants do not create essential mathemati-
cal difficulties, for notational simplicity, we normalize all constants in the Vlasov-
Maxwell-Boltzmann system to one. We normalize the Maxwellian

() = py(v) = po(v) = (2m) 32 1PF/2,

We further normalize the collision operator (2) as

Q*P(g4,98) = Q(ga.g5) = / [(u =) - w{ga(v)gp(u') — ga(v)gp(u)}dudw.
R3x 52
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And we define the standard perturbation fi(¢,z,v) to p as

Fi=p+pf+.

Let [-,-] denote a column vector so that F(t,z,v) = [Fy, F_]. We then study the
normalized vector-valued Vlasov equation for the perturbation

f(t,z,v) = [f+(t,x,v),f_(t,x,v)],
which now takes the form

with f(0,2,v) = fo(z,v), 1 = [1,—1] and ¢ = diag(1, —1).
For any given g = [g4+, g—], the linearized collision operator in (4) is

Lg=[Lyg,L_g],
where
(5) Lig=—2p""2Q(/1gs, 1) — w ?Qu, vit{gs + 95 1})-

We split L in the standard way [6] as Lg = v(v)g — Kg. The collision frequency is
(6) v(v) = / [v — ulp(u)dudw.
R3xS2

For g = [9+,9-] and h = [h4, h_], the nonlinear collision operator is
F(ga h) = [F+(g, h),I'_(g, h)]v
with
F:t (ga h) = M71/2Q(\/ﬁgﬂ:7 \/ﬁhﬂ:) + M71/2Q(\/ﬁgﬂ:a \/ﬁh¥)
Further, the coupled Maxwell system now takes the form
(7) 3tE—Vz><B:—(7=—/ v /u(fy — fo)dv, 0B+ Vyx E=0,
R3
(8) vm~E=p=/R3\/ﬁ(f+—f,)dv, V. -B=0,

with the same initial data E(0,z) = Eg(x), B(0,2) = Bo(x).
It is well known that the the linearized collision operator L is non-negative. For
fixed (¢, x), the null space of L is given by (Lemma 1):

(9) N = span{[y7,0, [0, v/l [oi/ii vi/El, (W27 Jol2 i} (1 <0 < 3).

We define P as the orthogonal projection in L?(R3) to the null space N'. With
(t,x) fixed, we decompose any function g(t,z,v) = [g+ (¢, x,v), g—(t,x,v)] as

g(t,z,v) =Pg(t,z,v) + (I - P)g(t, z,v).

Then Py is call the hydrodynamic part of g and (I — P)g the microscopic part.



4 ROBERT M. STRAIN, FEBRUARY 13, 2006

2. NOTATION AND MAIN RESULTS

We shall use (-,-) to denote the standard L? inner product in R? for a pair of
functions g1 (v), g2(v) € L*(R3;R?). The corresponding norm is written |g1]3 =
{g1,91). We also define a weighted L? inner product in R3 as

(91, 92)v = (v(v)g1, 92)-

And we use |- |, for its corresponding L? norm. We note that the weight (6) satisfies
1
L1l < vlw) < 1+ ).

We also use || - || to denote L? norms in either R3 x R or R2. In other words we
use || - || to denote an L? norm in R3 x R3 if the function depends on (z,v). But if
the function only depends upon = € R3 then || - || will denote the norm of L?(R32).
The L?(R2 x R3) inner product is written (-,-). Further, ||g||2 = (vg, g).

Let multi-indices « and 3 be

a = [, a1, a2, a3], B=[B1, P2, 5]
We define a high order derivative as
05 = 0700210529230 02 015
If each component of « is not greater than that of &’s, we write o < a&; a < &
means « < @ and |a| < |@|. We also denote g by Cg.

We next define an “Instant Energy functional” for a solution to the Vlasov-
Maxwell-Boltzmann system, [f(¢,x,v), E(t,z), B(t,z)], to be any functional £(t)
which satisfies the following for an absolute constant C' > 0:

Zems Y 1030+ Y lI0TEw), 0" BIP < C£()
lf+BI<N la|<N

The temporal derivatives of [fy, Eo, By are defined through equations (4) and (7).
We will always use C' to denote a positive absolute constant which may change from
line to line.

We additionally define the “Dissipation rate” for a solution as

DW= EWIP+ Y N0°f@IE+ Y Noga-P)f@I3.
0<|a|<N la|+|BISN

Notice that we include the electric field E(¢, x) in the dissipation and further we do
not take any velocity derivatives of the hydrodynamic part, P f. Throughout this
article we assume N > 4. Our main result is as follows.

Theorem 1. Assume that [fo, Eo, Bo| satisfies the constraint (8) initially. Let
Fox(z,v) = p+/pufo,x(z,0) > 0.
There exists an instant energy functional and €9 > 0 such that if
£(0) < eo,

then there is a unique global solution [f(t,z,v), E(t,x), B(t,x)] to the Viasov—
Mazwell-Boltzmann system (4) and (7) with (8) satisfying

—1—/0 D(s)ds < £(0).
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And moreover Fy(t,z,v) = p+ /pf+(t, z,v) > 0.

For spatially periodic data, Guo [11] designed an energy method to establish
global existence of classical solutions to the Vlasov-Maxwell-Boltzmann system near
Maxwellians. Additionally, Guo has given another construction of global in time
near Maxwellian solutions to the pure Boltzmann equation (with no force terms)
in the whole space [12], but without regularity in the velocity variables.

The proof of Theorem 1 uses techniques developed in [11,12]. At the same
time several new difficulties arise which are fundamental to the Vlasov-Maxwell-
Boltzmann system in the whole space. In particular, we use the basic estimates
from [10,11] (Lemma 2 and Lemma 3) but we use new arguments (described below)
in order to remove the hydrodynamic part, Pf, from the estimates (Lemma 5,
Lemma 6, Lemma 7 and Theorem 3) and thereby control the weaker whole space
dissipation. We additionally show how to include the velocity derivatives in this
energy method in the whole space, which we believe will be useful for working on
other kinetic equations with force terms in the whole space. In particular, these
techniques can be used to construct solutions to the relativistic Landau-Maxwell
system [17] in the whole space.

Recently, Yang, H. Yu and Zhao [19] and Yang and Zhao [20] have solved
the Cauchy problem for the Vlasov-Poisson-Boltzmann system with smooth near
Maxwellian data. Their proof makes use of techniques from Liu and S.-H. Yu [14]
and Liu, Yang and S.-H. Yu [15] as well as the study in conservation laws. Our proof
of Theorem 1 supplies another construction of solutions to the Cauchy problem for
the Vlasov-Poisson-Boltzmann system near Maxwellian.

As in [11,12], a key point in our construction is to show that the linearized
collision operator (5) is effectively coercive for solutions of small amplitude to the
Vlasov-Maxwell-Boltzmann system, (4) and (7) with (8):

Theorem 2. Let [f(t,z,v), E(t,x), B(t,x)] be a classical solution to (4) and (7)
satisfying (8). There exists Mo > 0 such that if

(10) Yo Al FOIP + [1*EOIP +[10* B[P} < Mo,
jal<N

then there are constants oo = 09(My) > 0 and Cy > 0 so that

dG(t)
dt ’

Y (L), 0°f() = SollX=P)F@IIZ +d0 Y [10°FDIIE — Co

la]<N 0<|a|<N
where G(t) = [4s Vo - b(ay + a_)dx and a+,b are defined in (15) below.

To prove Theorem 2, we split the solution f to the Vlasov-Maxwell-Boltzmann
system (4) into it’s hydrodynamic and microscopic parts as

(11) f=Pf+{I-P)f.

Separating into linear and nonlinear parts, and using L{Pf} = 0 (Lemma 1), we
can express the hydrodynamic part, P f, through the microscopic part, (I — P)f,
up to a second order term:

(12) {0 +v- Vo }Pf—{E-v}/pg = (T = P)f) + h(f),



6 ROBERT M. STRAIN, FEBRUARY 13, 2006

where
(13)  UT-P)f) = ~{&+v Vot L}(I-P)f.
(14) W(f) = —a(B+vxB)-Vof + J{E-v} +T(/.f).

Expanding Pf = [P f,P_ f] as a linear combination of the basis in (9) yields

3
(15) P.f= {ai(t, x) + Z bi(t, xz)v; + c(t,x)|v|2} 12 ().
i=1
A system of “macroscopic equations” for the coefficients a(t, x) = [a1 (¢, z), a_(t, )],
bi(t,z) and c(t,x) can be derived from an expansion of the left side of (12) in the
velocity variables, using (15) to obtain [11]:

(16) Viee = lo+he,
(17) Qe+ 0 = i + hy,
(18) Db+ by = Ljj+ hij,i # j,
(19) oubi + Oar F B = I+ hif,
(20) das = Iy +hg,

Here 8’ = 8,,. The terms on the r.h.s. of the macroscopic equations (16)-(20)
are obtained by expanding the r.h.s. of (12) with respect to the same velocity
variables and comparing the coefficients on the two sides. Here I.(t,x),;(t, z),
Lij(t, x), lbii(t, x) and [F(t,2) are the coefficients of this expansion of the linear term
(13), and h.(t,z), hi(t, ), hi;(t, ), hbii(t, x) and hE(t,r) are the coefficients of the
same expansion of the second order term (14). These terms are defined precisely
in Section 4.

Theorem 2 is proven via energy estimates of these macroscopic equations (16)-
(20), which are used to estimate derivatives of a,b and ¢. In the periodic case [11],
the Poincaré inequality was used to estimate a,b and ¢ in terms of their derivatives
and the conserved quantities. Further, it was observed in [12] that a,b and ¢
themselves can not be estimated directly from (16)-(20). This is why we remove
Pf from the dissipation rate in the whole space. Additionally, due to the velocity
gradient in the equation (4), it is important to include the velocity derivatives in
our norms. On the other hand, in our global energy estimates (in Section 5) dzP f
behaves almost the same as P f, which is not part of the dissipation. We therefore
observe that the dissipation rate for the Vlasov-Maxwell-Boltzmann system in the
whole space should include the velocity derivatives only on the microscopic part
of the solution. This lack of control over the hydrodynamic part and it’s velocity
derivatives causes new difficulties.

For this reason, we use Sobolev type inequalities to bound the nonlinear terms
by derivatives of f in Lemma 5. This is an important step for bounding the macro-
scopic equations by our weak dissipation in the proof of Theorem 2. Lemma 5 is
also used to include the electric field in the dissipation in Lemma 6.

Further, in the periodic case [11], the Poincaré inequality was used to estimate
the low order temporal derivatives of b;. Instead, we notice that there is a cancel-
lation of the most dangerous terms in the macroscopic equations which allows us
to estimate the low order temporal derivatives of b; in the whole space directly in
the proof of Theorem 2.
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Further, we give a new, more precise estimate in Lemma 5 using Sobolev’s in-
equality to remove the zero’th order derivatives of A(f) and thereby include the
electric field into this whole space dissipation in Lemma 6. Both of these observa-
tions are important for closing the estimates in Theorem 3. In addition, Lemma 5
is used to control the macroscopic equations in the proof of Theorem 2. Moreover,
we refine the estimate in Lemma 7 to control the non-linear collision operator by
the weaker whole space dissipation with velocity derivatives. In particular we use
the splitting (11) extensively to get all of these estimates.

This article is organized as follows: In section 3 we recall some basic estimates
for the Boltzmann collision operator. In section 4 we establish positivity of (5) for
solutions to the Vlasov-Maxwell-Boltzmann system with small amplitude. And in
Section 5 we prove global existence (Theorem 3).

3. LOCAL SOLUTIONS

We will make use of the following basic estimates from [1,10,11]:

Lemma 1 ([1,11]). (Lg,h) = {g,Lh), (Lg,g9) > 0. And Lg = 0 if and only if
g = Pg, where P was defined in (15). Furthermore there is a 6 > 0 such that
(Lg.g9) = 8|1~ P)gl}.

From (5) it is well known that we can write L = v — K where v is the multipli-
cation operator defined in (6) and K satisfies the following.

Lemma 2 ([10]). If B # 0, dsv(v) is uniformly bounded. For g(v) € HPI(R3;R?)
and for any n > 0, there is C), > 0 such that

05[Kgll3<n > |0pgl3+ Cylgl3.
18/1=15]

Above and below HIPI(R3;R?) denotes the standard L?(R*;RR?) Sobolev space
of order |(|. Next up are estimates for the nonlinear part of the collision operator.

Lemma 3 ([10]). Say g(v),p(v),r(v) € C°(R3R?). Then
|<8BF(g’p),r>| <C Z [laﬁlgll/|aﬁ2p‘2 + ‘8ﬁ19|2‘8ﬁzp|u] |T|V'
B1+B2<p

Moreover,

|/ v

Using these estimates, it is by now standard to prove existence and uniqueness of
local-in time positive classical solutions to the Vlasov-Maxwell-Boltzmann system
(4) and (7) with (8) and to establish the continuity of the high order norms for a
solution as in [11, Theorem 4]. Therefore, we will not repeat the argument.

1/2
< Csup [pr|sup [ / |g<x,v>|2dv} 1ol

| frara

4. POSITIVITY OF THE LINEARIZED COLLISION OPERATOR

In this section, we establish the positivity of (5) for any small solution [f, E, B]
to the Vlasov-Maxwell-Boltzmann system (4) and (7) via a series of Lemma’s.
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First we simplify the Maxwell system from (7) and (8). By (15)
Jva—ovi-Prav = o
/[\/ﬁ,f\/ﬁ] sfdv = ay —a-.

We can therefore write the Maxwell system from (7) and (8) as

8tE—Vz><B:—J:/ [—vv/i, v/ - (I —P) fdv,
R3
OB +V, x E =0,

Ve-E=ay —a_, V,-B=0.

It is in this form that we will estimate the Maxwell system.
Next we discuss the derivation of the macroscopic equations (16)-(20). We ex-
pand the r.h.s. of (12) in the velocity variables using the projection (15) to obtain

(21)

v;0"c|v]? + {Orc + 0'b; Jv? + Z{@ibj + b Yviv; + {0:b; + 0'ax F EJvi p /1t
i<j
+8ta/i\//-7’7

The above represents two equations. Here &7 = ,,. For fixed (¢, ), this is an
expansion of L.h.s. of (12) with respect to the following basis (1 <4 < j < 3):

[vilv /i, oo/l [of /s 0f /i), (o, v/,

(22) [vi\/ﬁ7 O]a [07 Ui\/ﬁ]? [\//7/7 0]7 [07 \/ﬁ]

By expanding the r.h.s. of (12) with respect to the same velocity variables and
comparing the coefficients of each basis element in (22) we obtain the macroscopic
equations (16)-(20). Given the full basis in (22), for fixed (¢, z), l.(t,x),1;(t, ),
Lij(t,x), IE(t,x) and [ (t,z), from (16)-(20), take the form

(23) [ ua=pip- e,

R3

Here I[((I - P)f) is defined in (13) and the {e,(v)}, which only depend on v, are
linear combinations of the elements of (22). Similarly he, ks, hij, hgti and hE from
(16)-(20) are also of the form

29 |-y,

where h(f) is defined in (14). In the next two lemmas, we will estimate the right
side of the macroscopic equations using (21), (23) and (24).

Lemma 4. Let o = [ag, a1, 2,03, |a] < N —1, then for any 1 <i,j <3,
0Ll [+ 0Ll [+ 10 ||+ [[0°T5 |+ |01 ||+ [|10°T | < € > [T =P)d*0”f]].

lal<1
This Lemma is similar to [11, Lemma 7], but we prove it for completeness.

Proof. The estimate for J follows from (21):

071 <.C [ oIVEIT=P)0" fldv < CYT=P)o" fl
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Square both sides and integrate over € R? to get the estimate in Lemma 4 for J.

For the other terms in Lemma 4, it suffices to estimate the representation (23)
with (13). Let || < N — 1. Since v(v) < C(1 + |v|) and K is bounded from
L?(R3;R?) to itself. We have by (13)

(/ 8°1(1— P)f) - en(v)dv)z - (/({at Y-V, + LY(I—P)OS) - en(v)dv>2,
<C [ lealolldo [ leal(1T= P05 1 + 0P |1~ P)V,0° )0

+C [ Jeatolle [ fen()l(v = )T~ P)o e
< C{l(T=P)2,0" fl5 + (T = P)V,0"f[3 + |(T - P)O* fI3}.

Here we have used 0%(I — P)f = (I - P)0*f, and the exponential decay of ¢, (v).
The estimate in Lemma 4 follows by further integrating over z € R3. (]

Next, we estimate coefficients of the higher order term h(f) on the right side of
the macroscopic equations (16)-(20).

Lemma 5. Let (10) hold for My > 0. Then for 1 <i # j < 3,
D 0 hel [+ 1107 Rl |+ 1|0 hag |+ 10 i [+ [[0%hZT ||} < C/ Mg Y |07 1]

la|<N o<lal<n

Notice that the left side of this estimate contains zero’th order derivatives but
the right side does not. We have to tighten the estimate in this way because P f
(with no derivatives) is not part of the dissipation rate. We use Sobolev’s inequality
on the second order terms to remove the terms without derivatives.

Proof. Notice that it suffices to estimate (24) with (14). For the first term of h(f)
in (14), we integrate by parts to get

[t vx B)-Vun) - eawido = [ Y 0MaE +v x B)j0, D} - en(w)do

=> Ca, / 00, (07 B + v x 0 B);q0° ' f} - en(v)do

=-Y ¢ /(aalE + v x 01 B);{q0° " £} - By, en(v)dv.

Take the square of the above and further integrate over x € R3, the result is

(25) < CZ/Rs{laalmM |aalB|2}{/aa-a1f2dv} dz.

This follows from Cauchy-Schwartz and the exponential decay of Ve, (v).

We will estimate (25) in two steps. First assume | — «q| < N/2. In this case
we use the embedding WH6(R3) C L*°(R?) combined with the L(R?) Sobolev
inequality for gradients to obtain

sup [ (07 flao)do < C [ 0 Flpnonde
ZE€R3 RS ]RB

S C/ ||ana_a1f||‘2/vl,2(R3)d’U.
R3
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Therefore, when |a — a1| < N/2 and N > 4 we see that

VIE5)] < C{IIME@)]| + ([0 B@)I[} Y [[0%0*~ f(#)l].

0<|al<2

The small amplitude assumption (10) completes the estimate in this case.
Alternatively if |o — ag| > N/2, then |a;| < N/2 and we use the embedding
H?(R3) C L*(R?) to obtain

sup (|97 B|+10"B|) < C Y {[|0°0™ E(t)]] +[|0*0* B(¢)||}-

3
z€eR lal<2
In this case

VIE5)| < Clloe=efll Y- {[10%0 E(t)]] +|[0%0* B(¢)]}.

la|<2

Again, the small amplitude assumption (10) completes the estimate.
For the second term of h(f) in (14) we have

/%8“{(E-v)f}-en(v)dv:ZCZ‘l /{g(a‘“E-v)aa*“lf} “en(v)dv
1/2
<cY |0 Bl {/|8a‘°‘1f|2dv} .

This term is therefore easily treated by the last argument.
For the third term of h(f), we have

<> ce

Without loss of generality assume |a1]| < N/2. From Lemma 3, the last line is

| [orrn - e

‘/ DO £,0°7 f) - en(v)dv] .

1/2
< C sup { / |aa1f<t,x7v>|2dv} 8o F (1))

r€R3

Again, we first use the embedding W16(R?) c L*°(R?) and second the LS(R?)
Sobolev inequality to see that the above is

<clloma @)l Yo [t Il < CVMy Y [[9%0™ f(#)]-
0<|a|<2 0<|a|<2
The last inequality follows from (10). This completes the estimate of h(f). O

Next we estimate the electric field E(¢,x) in terms of f(¢,x,v) through the
macroscopic equation (19) using Lemma 5.

Lemma 6. Say [f, E, B] is a classical solution to (4) and (7) with (8). Let the
small amplitude assumption (10) be valid for some My < 1. 3C > 0 such that

1 . o
c Yo EGN < @=P)fl+ > llo°f@ll.

la|<N-1 0<]al<N

Lemma 5 is used to remove the hydrodynamic part, P f, from this upper bound.
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Proof. We use the plus part of the macroscopic equation (19):
—20%E; = 9°l + 0°hyf; — 0“0b; — 0“0'a..
By (15),
10%0ubs ]| + [[0°0"ar|| < C{IPID,f|| + [PO*O fI|} < C{lI0%0, ]| + (070" fI}-

Since My < 1 in assumption (10), applying Lemma 4 to I, and Lemma 5 to
aah;. we deduce Lemma 6. O

We now prove the positivity of (5) for a classical solution of small amplitude to
the full Vlasov-Maxwell-Boltzmann system, [f(t,z,v), E(t,z), B(t,z)]. The proof
makes use of the estimates established in this section (Lemma 4, 5, 6) in addition
to an exact cancellation property of the macroscopic equations.

Proof of Theorem 2. From Lemma 1 we have
(LO*f,0°f) = 6|(1—P)a*f7.

It thus suffices to show that if (10) is valid for some small My > 0, then there are
constants C, Cy > 0 such that

> P @I < Y ||(I—P)8O‘f(t)|\,2,+ngcjl£t).

0<|al|<N lo|<N

Here G(t) is defined in Theorem 2. By (15), we clearly have

1

PO FOIE < l10%ay, a-][[* +[10°0]1* + ||9%cl*.
The rest of the proof is therefore devoted to establishing

Yo Al [ag,a]IP + (1078 + 0%’y < © Y NI -P)a*f(t)I[}

0<|a|<N || <N
(26) +CMy Y |10 f()I
0<|a|<N
dG(t)
+007dt ,

which implies Theorem 2 when M is sufficiently small. This is because the last
term on the right can be neglected for Mj sufficiently small:

0°fOIF = [[PO*FO)II* + [I(T—P)O~f(t)]]*
< {0 ar, a-]ll + 19l + [[0%c|[}* + [|(T = P)O* £ (#)]1*.

To prove (26), we estimate the macroscopic equations (16) through (20).
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The estimate for b(t,z) with at least one spatial derivative. We first esti-
mate V0% with |a| < N — 1. We take 8/ of (17) and (18) to get

ALO%; = Zaﬂ‘ia%i: Zaﬂ’ja%i + 0" 9%,
J

J#i
= Z{—aijaabj + 8jaalij + 8j8ahij} + {8"8%,» + 8i8ahi — 8156"80‘0}
J#i
= Z{@t(’)’@% — a’af’lj — 818“hj} + 2{838‘%] + 618‘%”}
JFi JFi

+0'0%1; + 0'0%h; — 0,0'0°c.
Since Zj# 0,0'0% = 20,0'0%c, we get
= 8t8i6ac + Z{—aia"lj — 8160%] + aja‘)‘lij + 6](9&]1”} + (91(90511 + 818“111
J#i
—8”80‘@ + Z{—(’)i(’)alj - 818(’%] + 8j8“lij + 836‘%”} + 2{8’6‘% + 8iaahi}.
JFi

Therefore, multiplying with 9*b; yields:
(27) |IV20°bill < C Y {1101+ [10% Ry [+ 10T ||+ 10 hig |+ 1|0°Lil [+ ]9 ha |}

This is bounded by the first two terms on the r.h.s. of (26) by Lemma 4 and Lemma
5. We treat the pure temporal derivatives of b(t, ) at the end the proof.

The estimate for c¢(¢,z). From (16) and (17), for || < N — 1, we have

Vol < [[0%c]] + [|0%hell,
10:0%¢]| < [|0'0%bil| + [|0%Li[| + [|0 bl

By (27), Lemma 4 and 5 both [|0,0%||? and ||V,0%||* are bounded by the first
two terms on the r.h.s. of (26).

The estimate for [a (t,2),a_(t,z)]. By (20), for |a| < N — 1, we get
18:0%[as, a- I < [10°0 || + 1% Rz |-

By Lemma 4 and 5, ||0:0%[ay,a_]|| is thus bounded by the first two terms on the
r.h.s. of (26).
We now turn to purely spatial derivatives of a(¢,z). Let |a| < N — 1 and

a=1[0,a1,q9,as] #0.
By taking 9° of (19) and summing over i, we get

(28) -A,0%4 £V, -0E =V, -0,0% — Zaiaa{lzz;s + hbiz}

From the Maxwell system in (21) we have

Vg 0%FE =0% 4 — 0%_.
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We plug this into (28), then multiply (28) with d%a4 respectively and integrate
over R3. Adding the two resulting equations yields

IV20%ay||? +[|Ve0%a-|] + [[0%as. — 8%a_|?
. / S 00 as {~0,0°b, + 0°TE + 0°hiE} da.
i+
We therefore conclude that
1V20%ay ||+ |[V20%a|| < [[8:07b]| + Y [10°{l;; + hig .
i+
Since « is purely spatial, this is bounded by the first two terms on the right side of

(26) by (27), Lemma 4 and 5.
Now we consider the case & = 0. The same procedure yields

1 1
5/ Vaasl® + 3] Vaa_]? < /vm “Oblay +a)+C Y[l + I
i,%

We redistribute the derivative in ¢, as in [12], to estimate the first term by
d
/Vm SOb(agr +a)dr = 7 /Vm “blag +a_)dr — /Vm ~bO(ay +a)
d
< 4 /vw bas +a_)dz + ClVLbIP + Y [10asl.
dt n

The first term on the right is dG/dt and the last two terms have already been
estimated by the other terms on the right side of (26).

The estimate for b(t,z) with purely temporal derivatives. Lastly, we con-
sider 9,0%b; (¢, x) with o = [, 0,0, 0] and g < N—1. In [11], Guo used a procedure
which involved the Poincaré inequality and Maxwell’s equations (21) to estimate
0%0;b; from the macroscopic equation (19), which includes the electric field. But
the Poincaré inequality does not hold in the whole space case to estimate the low
order pure temporal derivatives of b.

On the other hand, there are two equations for d:b; in (19). We can add them
together to cancel the most dangerous term, F;, and obtain

201b; + 0'ay + 0'a_ = I + bl + 1, + hy,.

7
Without this exact cancellation, our estimates for E; are not sufficient to conclude
the required estimates for 9;0%b;(t,2). From this equation we can estimate the
temporal derivatives of b directly:

10:0°bi(t, 2)|* < €Y (10°0%ax|* + |0 {5, + B ) -
+
If ag > 0 then the terms on the right have already been estimated above by the

first two terms terms on the right side of (26).
Alternatively if g = 0, we use the previous estimate for 9*a4 to obtain

10:bi(t, )2 SC% / Vo -blas +a)dz + C||V,b]|?
+ 0 (l10ras|? + [1{GE + BE?) -
+

From Lemma 4 and 5, we finish Theorem 2 with G = [5 V. - b(ay +a_)dz. O
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5. GLOBAL EXISTENCE

The main goal of this section is to establish global existence of classical solutions
to the Vlasov-Maxwell-Boltzmann system, (4) and (7) with (8). Our proof uses
Theorem 2 and energy estimates (Theorem 3) developed in this section. New diffi-
culties arise in these energy estimates for both the terms with velocity derivatives
and those without because we can not control the hydrodynamic part of a solution
by the linear operator in the whole space. For this reason we have already removed
the hydrodynamic part and it’s velocity derivatives from the dissipation.

As a consequence, we develop different procedures to prove the energy estimates
with weaker dissipation. In particular, we estimate the nonlinear part of the colli-
sion operator by the weaker dissipation in Lemma 7. Further, including the electric
field in the dissipation rate (by Lemma 6) enables us to control other nonlinearities
without velocity derivatives through Sobolev inequalities. Additionally, we split the
solution as (11) in several places because this allows us to absorb velocity deriva-
tives and exploit the exponential velocity decay of the hydrodynamic part (15) in
our estimates.

We have the following global existence theorem:

Theorem 3. Let [f(t,x,v), E(t,z), B(t,z)] be a classical solution to to the Viasov—
Mazwell-Boltzmann system (4) and (7) with (8) satisfying (10). Then there exists
an instant energy functional satisfying

75 < VEMBD()

With (10), this yields global existence from a standard continuity argument.
First we give a nonlinear estimate which will be used in the proof Theorem 3:

Lemma 7. Let |a|+ || < N. Then there is an instant energy functional such that

(93T (1. 1), 05 L= P)f)| < 2 (1)D().

The main improvement of this estimate over Lemma 3 is the presence of the
dissipation, D(t). Clearly ||E||? is not needed in the dissipation norm in Lemma 7.
Proof. First assume § = 0. We have

PTG ) = 3 Co @ f0 )
a1 <a
Furthermore (see for instance [6, p.59-60)):
(29) <F(gap)7 T> = <F(gap)a (I - P)T>
Plugging these last two observations into Lemma 3 yields
(O°T(f, £),0°F) < C Y (1077 flo]0™ fl2 + 107 f2]0° 1) [(T—P)O* fl,.
a1 <a

Further integrate over R to obtain
[(0°T(f, f), 0 (L= P)[)]
<O [ (0T L0 o 197 ol 1) (T P)0" fl o

a1 <la
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By Cauchy-Schwartz and symmetry the above is

) 1/2
<cle-porsl, XA [ (oo ) )

a1 <a

Our goal is to show that

1/2
{/ (|3“a1f|u|3°‘1f|2)2dx} < EVAR)DV(1).
RB

This will imply Lemma 7 in the case 3 = 0. We will use the embedding W16(R?)
L>(R3) followed by the L5(R?) Sobolev inequality to one of the terms inside the
x integration. But, because the dissipation does not contain P f, it is not enough
to just take the supremum in z over the term with the smaller number of total
derivatives. Instead, if | — a1 < N/2 then we always take the sup on the v norm:

1/2
{[ Qo= phlom g as} < 051 sup o,
R3 .'LER3
1/2
<l 11 [ o SOy

<cpr s A [

lal<1

1/2
V0T fPdndo | < O,

3xR3

Alternatively, if & — aq| > N/2 then |oy| < N/2 and [|0** f]|, is part of the
dissipation so that it is ok to take the supremum on the other norm to obtain

1/2
{ / (Ic’?“‘o“flulf?“flz)gdw} < 107 £l s [0 10
3 rER3

1/2
<Clo = flly > {/R ' |8“18avmf|2dmdv} < DYV2()EVA(1).

3 3
lal<1 xR

This completes the proof of Lemma 7 when 5 = 0.
If | 8] > 0 then we expand f as in (11) to obtain

L) =T®LPAH+TE®SA-P)f)+T(IT-P)f,Pf)+T(T-P)f,(I-P)f).

We will estimate each of these terms using similar Sobolev embedding arguments to
above. However, we use this splitting because 0gP f is not part of the dissipation.
The exponential velocity decay of P f is used to control the hard sphere weight (6).
Alternatively (I — P)f is part of the dissipation. We only estimate the first two
terms below. The other two terms can be treated similarly.

Lemma 3 and the definition (15) yield

(05T (Pf,Pf),05(1 - P)f)]
<C Y (0% P[0 P fly + 0% P f2[0™ P f]o] [05(T = P) £,

a1 <a
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Further integrate the above over R3, use Cauchy-Schwartz and symmetry to obtain

[(83T(P £, Pf),03(1—P)f)|

1/2
<olga-Pyfl, { [ o |8°“Pf§d:v} |

a1 <a

Without loss of generality assume |«1| < N/2. Then by the same embedding

[ e izan < (sup v @) 1o e
RS z€R3

<O D 19%0°Vaf(@)|? | 19°7Pf|* < D)E(®).

lal<1

This yields the estimate in Lemma 7 for the 9§T'(P f, P f) term.
Finally, we estimate the O3T'(Pf, (I — P)f) term. In this case Lemma 3 yields

|(O5T(PF. (1 P) 1), 51— P) )|
5 Y172
<closa-p)sl, S [ (1 priioga-pisla) as
5 1/2
+C3(— P/l Z{/R (195 P 205 (T~ P) 1) dgc} .

Since (I —P)f is always part of the dissipation, we can take the supremum in
x on the term with the least number of total derivatives and use the embedding
H?(R3) C L*°(R3) to establish Lemma 7 for this term. And the last two terms can
be estimated exactly the same as this last one. O

We will now introduce a bit more notation. For 0 < m < N, a reduced order
instant energy functional satisfies

%Sm(t) < > 105 F@)I1F + Y 0°E(®), 0*BM]II® < CEW D).

|B|<m,|a|+|BI<N la|<N

A

Similarly the reduced order dissipation rate is given by
Dn(t) = [EMI*+ Y [[0*fOIF + > 108 {1~ P} f(1)]I*.
0<|al<N |B]<m,|al+|BI<N
Note that, Ex(t) = £(t) and Dy (t) = D(t). With this notation in hand, we can

now prove the main global existence theorem of this last section by induction.

Proof of Theorem 3. We will show that for any integer m with 0 < m < N we have

d
(30) En(t) + D(t) < VEDD()
Theorem 3 is a special case of (30) with m = N. We will prove (30) by an induction
over m, the order of the v—derivatives. We may use different equivalent instant
energy functionals on different lines without mention.
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For m = 0 and |o| < N, by taking the pure 9% derivatives of (4) we obtain
{0/ +v-Vy+q(E+vxB) -V,}0% —{0%E - v}/pg1 + L{0“ f}

(31) == CYq0ME+vx0MB)-V,0° " f
Ot17£0
« q [e731 a—oy (o5} a—Q
+ 3 08 {SOME e 4 DO .07 )}
a1 <a

We will take the L2(R2 x R2) inner product of this with 9% f. The first term is
clearly 249 f(t)||%. From the Maxwell system (7) we have

1d
— (0" 0y, 0°f) = —0°F - 9° = 5 2 (10°B@IF + 107 B2

Next up, since v(v) > ¢(1+|v|), we use two applications of Cauchy-Schwartz to get

/ |q(0* E + v x 0% B) - V,0*~* f||0° f| dwdv
R3 xR3

1/2 1/2
S/}RB(|C{9C¥1E\+|30‘1B|) {/Rs V(U)|Vv8a°‘1f|2dv} {/Rd v(v) |8D‘f|2dv} dx

1/2
<toest{ [ tom e iom st [ v [90me s o as

If |a| = 0 this term is non-existent. Therefore, for this term, 0 < |a] < N and
|ar| > 0 so that either |ag| < N/2 or | —aq|+1 < N/2. Without loss of generality
say |a1| < N/2; we use the embedding H?(R?) C L>(R3) to obtain

sup ([0 E[+ |0 B) < C Y (9% E@)|| + [10%0 BO)|l) < VE®).

laj<2

We can put the last two estimates together and use |a| > 0 to obtain
/ |g(0™ E + v x 0 B) - V,0*~* f||0° f| dwdv
R3 xR3

< 10%Fllo VE@DII VO ™ fll, < VE(E)D(2).

It remains to estimate the last two nonlinear terms on the right in (31).

First we estimate £(0“ E-v)0%~*1 f. Consider o = 0 which implies a; = 0. We
bound for ||E|| by the dissipation to estimate this case. We split f as in (11) so
that the exponential velocity decay of the hydrodynamic part controls the extra |v|
growth:

(SE-aprf)|<c [ Bl (PIP+I@- PP dod
R3 xRR3
By the Sobolev embedding H2(R?) C L°°(R?) we have

[, IB@olola-P)sPdzdo < ¢ (sup |B(e.a)) 10~ P2
R3 xR3 rER3

<O X1 E@I ) IX-P)fIZ < VEDD().

lal<2
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For the term with P f, we obtain

[, Blelp Rz < ¢ (swp [Prl) | 1EIPslads
R3 xR3 z€R3 R3
By the Cauchy-Schwartz inequality

/RS |E|[P flade < CIE@)||[Pf]| < DV2(1)E2(t).

We just controlled ||E(t)| by the dissipation, D'/2(t). For the other term, from
(15), the embedding W16(R?) c L>°(R?) and the Sobolev inequality we obtain

(32) <su]£3 IPf(:E)I2> < C|lla,b, c]|lwrsmsy < C Z IVL0°f|| < CDY2(t).
r€ | <1

Adding together the last few estimates we obtain
Stz orf)| < [ Bl (PSR + T P)SP) dodo < VEDDL)
X

This completes the estimate when o = 0.
Alternatively if |o| > 0, we use v(v) > ¢(1 + |v|) and Cauchy-Schwartz twice as

(Lo - vor—ip.0°7)| < c/ 107 B[ w(v) |01 1] 10° | dvda
2 R3 <R3

1/2 1/2
< C./Rs |0 E)| {/Rs v(v) |80‘_a1f|2dv} {/RS v(v) |0 f|? dv} dx
1/2
0% f|l. o 2{ v(v) |92 f|? } } :
<ctosl{ [ o sl { [ vt lors vy as

Here [|0“f||, is controlled by the dissipation since || > 0. But we could also have
|a] = |a1| = N and then 9% FE would not be controlled by the dissipation. Therefore
this estimate requires more care.

If | — a1] < N/2, then to ensure that we have at least one derivative on f we
use the embedding W16(R3) c L>°(R?) followed by Sobolev’s inequality to obtain

oup [ = oo <€ [ A 0 g

r€R3

<C VL0 |2 < CD(1).

laj<1
Alternatively, if |o — ag| > N/2 then |ap| < N/2 and
(33)  sup |0 E(t,2)|* < C||8Q1E||%,V1,6(R3) <C Z V.0 0%E||> < CE(1).
zER3 *

lal<1

In either case the last two estimates establish
/ 0™ E|? {/ v(v) [0%e £ dv} dz < E(t)D(t).
R3 R3
Combining these last few estimates, since |a| > 0, we obtain

(S B w0 g 00 | < 0 £l VEBDV (1) < VEDD().

It remains to estimate the nonlinear collision operator in (31).
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But from Lemma 7 and the basic invariant property (29) we have

(P02 £,0 f),0°f)| < VEBD(®)

Adding up all the estimates for the terms in (31) and summing over || < N yields

(34) 54 Do I0%fIP+ 10 B, BIIP o+ D (LO“F(1),0°f(t) < VER)D(t

la|<N la|<N

By Theorem 2 and Lemma 6 for some small § > 0 we see that

1d /
58 D0 10 + 07 B, BI? = 2CoG(t) ¢ + 84Do(t) < VEDD()

la|<N

We add (34) multiplied by a large constant, Cj) > 0, to the last line to obtain

(35) %50( )+ Do(t) < VEDD(t

We have used L > 0 from Lemma 1. Above, for C’() large enough and from the
definition of G(t) in Theorem 2, the following is a reduced instant energy functional:

(Codo + 1)

80 (t) = 26/
0

Y 10°f1P + 0B, 0°B]|* b — 7 G(t).

la|<N

We conclude (30) for 5 = 0.
Say Theorem 2 holds for |3| = m > 0. For 8] = m + 1, take 9§ of (4) to obtain:

{0y +v- Vot g(E+vxB)-V,}051-P)f —°E - ds{vy/i}a
+0p{LO“(A—P)f} + > C5 9p,v - Va0§ . f

B1#£0
(36) = > C8,Ch O™ E - 95,0}055 F + O5T(£. f)
— ) CLqIME-V05 M f— Y €805 g0 x 0™ B-V,05 5!
|oer [#0 [oer [+]B81]#£0

—{0i+v- Vi +q(E+vxB)-V,}05Pf.

Notice that we have split the equation in terms of microscopic and hydrodynamic
parts in a different way from (12). We do this to estimate the linear part of the
collision operator properly in terms of our weak whole space dissipation. Standard
estimates for (0gLO* f, 83]‘), e.g. Lemma 2, are too strong in this case.

We take the inner product of (36) with 9§ (I — P)f over R} x R?. We estimate
each term from left to right. The first inner product on the left gives

T SO

Since || = m+1 >0, |a] < N —m — 1. Then by Lemma 6 the second inner
product on the left is bounded by

—|(0°E - 9s{vy/i}qr, 93 (L= P)f)| = —C|0“E||[| 95 (I - P)f|
> —CylloE|* - n)|og (1 - P)f|*
~CyDo(t) = nl|0§ (T P)f*.
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For the linear operator, since |9, v(v)| is bounded for 8; # 0 (Lemma 2) we have

(Op{v0* (1= P)f},05(1-P)f) = [|95(1 - P)f|[}

+ D O3, (05,005 5,1~ P)f,031 -~ P)f)
B17#0
> ||ag(1 - P)f||12/ - CH@S(I - P)f” Z Hag—[j‘l(]: o P)f”
B1#0

Then together with Lemma 2, since L = v — K, we deduce that for any 1 > 0 there
is a constant C,, > 0 such that the third term on the left side of (36) is bounded
from below as

(0p{LO“A—P)f},05A—P)f) = l05X-P)fIZ—n > 05X —-P)f|?
|8|=18]
—Cy Y 105(X—=P)f|J.
181<18]

We can further choose C),, > 0 such that the inner product of the last term on left
side of (36) is bounded by

o5 =PYFOIP +Cy > V205, fII°
|B1]=1

We split the last term above as in (11) to obtain

<nllog@—P)f(B)|* + C, Z IV205_5,PfII* + Cy Z IV205_5, (1 —P)f|]?
[B1]=1 [B1|=1
<n|0¥(I—-P 24+ 0D C V.05 . (I-P)F|?
< n[|o5( JfI7 4+ CDo(t) + C, Z IV205_g, ( Al
[B1]=1

This splitting was used to get rid of the velocity derivatives of the hydrodynamic
part, which are not in the dissipation.

Next we estimate all the terms on the right side of (36). Let us first consider
the first term on the right, using (1 + |v|) < cv(v) we have

(37) (31om - 0505751 1.5 P)f)|

<cC 0 B|v(v) [955! 1] |05 (X ~ P) 1| dadv.

R3 xR3

We use Cauchy-Schwartz twice to see that the last line is

<c/R$|aa1E|{/ng(v)
<croa-eysl { [ omeE{ [ v

1/2

de}l/z {/R v(v) [03(1 - P) /[’ dv} dx

5 1/2
dv}dm} .

a—aq
aﬂ—ﬂl

a—Q ]
8/87[51
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We split f into it’s microscopic and hydrodynamic parts (11) so that we can remove
the velocity derivatives from the hydrodynamic part:

<croga-eisl { [ omer{ [ v

9 1/2
Lollog - P)fll, {/ 0% B {/ v(w) |55~ P dv} dx} .
R3 R3
Since the total number of derivatives is at most N, either |ay| < N/2 or |a — aq| +

|8 — (1] < N/2. So we take the supremum in z of the term has the least total
derivatives, for the microscopic term, using the embedding H?(R?) C L*°(R?) to

observe
/Ia‘“EIQ{/ v(v)
R3 R3

On the other hand, for the hydrodynamic variables we have

[t { [ v

If |o — a1| < N/2, then as in (32) we see that

) 1/2
9575 Pf| dv} d;v}

93731 (1-P) f’Q dv} dz < E(t)D(t).

2
ag:g;Pf‘ dv} dx < C/RS 10 E? |0°~ P f2da.

/}R3 0% B |9°~ 1P fl3dw < C||0™ E|*D(t) < CE(1)D ().
If alternatively |o — | > N/2 and |a1| < N/2 then we use (33) to get

[ 1o B o e < CE()]0° I < CEODL)
In any case, we conclude

(%10 B 05,0055 1,050 - P)f )| < VEDDL).

This is the estimate for the first term on the right side of (36).
For the nonlinear collision operator in (36), by Lemma 7 we have

(95T (£, 1), 95(1 = P)f)| < VEBD(t).

For the next two terms on the right side of (36) we have
(407 B V057 f + q0,0 x 0™ B - V0575 1,051 - P)f )|
< C’/ v (v) <|8°‘1E| ’vvag—alf‘ 416 B ‘vvag:g;f‘) 105(1 - P)f| dvda.
R3 xR3

Notice that these are in the form (37). They are therefore estimated the same way.
Furthermore the same procedure (as in the estimate for (37)) yields

|(¢(E +v x B)-V,}0§Pf,05(1-P)f)| < E)D(t).
It remains to estimate

({0 +v- V. 05Pf,05(I—-P)f)|.
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Since |3] > 0, we have |a| < N — 1 and the above is

<C v(v) (|0:05P f| + |V.05P f]) |05 (1 — P) f| dwdv
R3 xR3

< C||3§(I - P)f”u (Hatang”V + Hvzang“u)
< CllogX—=P)fll ([0:0°P f[| + [[ Vo 0“Pf|)
<nllog@=P)fIZ +Cy Y l0%0%f|1*.

lau]=1

This completes all the estimates for the terms in (36).
By collecting all the estimates for the terms in (36) and summing over || = m+1
and |a| 4+ |8] < N we obtain

> gl PP + s - P} - ool

2dt
|B|=m+1. o]+ <N

<Cn > 105 X=P)f()I[7

|Bl=m~+1,|al+|B|<N

+Cy > 105 (X =P)f(B)[] + VE)D().

|BI<m,|al+|BI<N
Here C is a large constant which does not depend on 7. Choosing n = % we have

3 ;{;lt”ag(I_P)f(t)PHE)g(I—P)f(t)H?,}

[Bl=m+1,|a|+|BI<N
(38) < CDp(t) + VE()D(2).

Now add the inequality from (30) for |3| = m multiplied by a suitably large con-
stant, Cp,, to (38) to obtain

d 1
G CmEm®+5 > NBA=P)OI ¢+ (Cn = C) Du(t)
|Bl=m+1,[al+]5|<N

1
+3 > 105X =P)fB)]I < VED)D(®).
|Bl=m+1,]a|+|BI<N
Here C,, is chosen so that C,, — C > 0. We further define

1
Ems1(t) = Crém(t) + 5 > 185 (X —P)f()]*.
|Bl=m+1,|a|+|B|<N

Since |0gP f|| < C||Pf|l, Em+1(t) is an instant energy functional. O
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