STABILITY OF THE RELATIVISTIC MAXWELLIAN IN A
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ABSTRACT. The relativistic Landau-Maxwell system is among the most funda-
mental and complete models for describing the dynamics of a dilute collisional
plasma in which particles interact through Coulombic collisions and through
their self-consistent electromagnetic field. We construct the first global in time
classical solutions. Our solutions are constructed in a periodic box and near
the relativistic Maxwellian, the Jiittner solution.
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1. COLLISIONAL PLASMA

A dilute hot plasma is a collection of fast moving charged particles [7]. Such
plasmas appear commonly in such important physical problems as in Nuclear fusion
and Tokamaks. Landau, in 1936, introduced the kinetic equation used to model
a dilute plasma in which particles interact through binary Coulombic collisions.
Landau did not, however, incorporate Einstein’s theory of special relativity into
his model. When particle velocities are close to the speed of light, denoted by c,
relativistic effects become important. The relativistic version of Landau’s equation
was proposed by Budker and Beliaev in 1956 [1]. It is widely accepted as the most
complete model for describing the dynamics of a dilute collisional fully ionized
plasma.

The relativistic Landau-Maxwell system is given by

O, F, + cl% V. Fy +es <E n 1% x B) V,Fy = C(Fi,Fy)+C(F. F.)
0 0

OF_ +cl v,F e (E+ L« B) V,F. = C(F_,F_)+C(F_,F,)
Do Do
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with initial condition F'y (0, z,p) = Fo +(z, p). Here F4(t,z,p) > 0 are the spatially
periodic number density functions for ions (+) and electrons (—), at time ¢ > 0,
position & = (1,22, 23) € T? = [~7, 7]® and momentum p = (p1, p2, p3) € R®. The
constants +e, and m4 are the magnitude of the particles charges and rest masses
respectively. The energy of a particle is given by pi = v/(m+c)? + [p|?.

The Lh.s. of the relativistic Landau-Maxwell system models the transport of
the particle density functions and the r.h.s. models the effect of collisions between
particles on the transport. The heuristic derivation of this equation is

total derivative along particle trajectories = rate of change due to collisions,

where the total derivative of F is given by Newton’s laws

& = the relativistic velocity = #7
my + |p|?/c
p = the Lorentzian force = +e4 (E + % X B> .
Do

The collision between particles is modelled by the relativistic Landau collision op-
erator C in (1) and [1, 9] (sometimes called the relativistic Fokker-Plank-Landau
collision operator).

To completely describe a dilute plasma, the electromagnetic field E(t,x) and
B(t, ) is generated by the plasma, coupled with Fy (¢, z,p) through the celebrated
Maxwell system:

HE —cVyx B = —4nJ = —471'/ {e+’iF+ - e_p_F_} dp,
R3 Do Do
B+ cV,xE = 0,

with constraints
Ve B=0,V, - E=4dmp= 47r/ {erFy —e_F_}dp,
]Rii

and initial conditions E(0,z) = Ep(z) and B(0,z) = By(z). The charge density
and current density due to all particles are denoted p and J respectively.

We define relativistic four vectors as Py = (pf,p) = (o, p1,p2,p3) and Q_ =
(g9 ,9)- Let g4+ (p), h—(p) be two number density functions for two types of particles,
then the Landau collision operator is defined by

(1) Clar b)) =V [ BPLQ)To00 (- @)~ 94 (1) Vb (o)) da

The ordering of the 4, — in the kernel ®(P;,Q_) corresponds to the order of the
functions in argument of the collision operator C(g4,h—)(p). The collision kernel
is given by the 3 x 3 non-negative matrix

27 b o \
o(Py,Q-) = 7€+67L+,7 <micmo_c> AP, Q-)S(P4,Q-),

where Ly _ is the Couloumb logarithm for +— interactions. The Lorentz inner
product with signature (+ — ——) is given by

Pl-Q-=piqg —p-q
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We distinguish between the standard inner product and the Lorentz inner product
of relativistic four-vectors by using capital letters P, and Q)_ to denote the four-
vectors. Then, for the convenience of future analysis, we define

AT,

myc m_c myc m_c ’

{(H.JL)Ql}k<p ~ q>®<p - q>
mic m_c mic m_c mic m_c

P _
+{( r 9 )—1}( P o 2 4 1 g P ).
mic m_c mic m_c m_c Mmyc

This kernel is the relativtistic counterpart of the celebrated classical (non-relativistic)
Landau collision operator.
It is well known that the collision kernel ® is a non-negative matrix satisfying

@) iﬁ%m@»(%—“)ziﬁW&QJ(%—”)za

A

wn
I

— % 1p/) = % Py
and [8, 9]
ij . p q
Zq) (P, Q)wjw; >0ifw#d( = ——=| VdeR.
i Po o

The same is true for each other sign configuration ((+,+),(—,+),(—,—)). This
property represents the physical assumption that so-called “grazing collisions” dom-
inate, e.g. the change in “momentum of the colliding particles is perpendicular to
their relative velocity” [9] [p. 170]. This is also the key property used to derive the
conservation laws and the entropy dissipation below.

It formally follows from (2) that for number density functions g (p), h_(p)

1 1
/ p | ethegywm+ | » | clo.h)m) bap=o.
R3 + -
Po Do

The same property holds for other sign configurations. By integrating the relativis-
tic Landau-Maxwell system and plugging in this identity, we obtain the conservation
of mass, total momentum and total energy for solutions as

%/ﬂ*s R3 m+F+(t) - %/]1‘3 RS m*F*(t) = 07
% {/T3 . p(myFy(t) +m_F_(t)) + % /1?3 E(t) x B(t)} =0,

% {;/Tsst(m”gF“t) +m_pg F- (1)) + é /T [E@®))* + |B(t)|2} = 0.

The entropy of the relativistic Landau-Maxwell system is defined as
M= [ Pt o) + F (L) o (ta.p) dodp
T3 xR3
Boltzmann’s famous H-Theorem for the relativistic Landau-Maxwell system is

d
—H(t) <
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e.g. the entropy of solutions is non-increasing as time passes.
The global relativistic Maxwellian (a.k.a. the Jiittner solution) is given by

exp (—cpy /(kpT))

J. - ’
+(p) dresm? ckpTKo(myc?/(kpT))
where K3 (-) is the Bessel function Ky (z) = ; et (t2—1)%/2dt, T is the temper-

ature and kp is Boltzmann’s constant. From the Maxwell system and the periodic
boundary condition of E(t,z), we see that 4 [, B(t,z)dz = 0. We thus have a
constant B such that

1

(3) T3] oo

Let [-, -] denote a column vector. We then have the following steady state solution
to the relativisitic Landau-Maxwell system

[Fy(t,z,p), E(t,z), B(t,z)] = [J+,0, B],

which minnimizes the entropy (H(¢) = 0).

It is our purpose to study the effects of collisions in a hot plasma and to construct
global in time classical solutions for the relativistic Landau-Maxwell system with
initial data close to the relativistic Maxwellian (Theorem 1). Our construction
implies the asymptotic stability of the relativistic Maxwellian, which is suggested
by the H-Theorem.

B(t,r)dr = B.

2. MAIN RESULTS
We define the standard perturbation fi(t,z,p) to J+ as
Fy=Je+VJsfs.

We will plug this perturbation into the Landau-Maxwell system of equations to
derive a perturbed Landau-Maxwell system for fi(t,z,p), E(t,z) and B(t,z). The
two Landau-Maxwell equations for the perturbation f = [f, f_] take the form

p p €xC p
8+C'Vz:|:€i(E+XB>‘V}fi:F {E}\/ji+Lif
{t Py Py P kpT Py

- €Lc i

with f(0,z,p) = fo(z,p) = [fo,+(x,p), fo.—(z,p)]. The linear operator Ly f defined
in (21) and the non-linear operator I'y (f, f) defined in (23) are derived from an
expansion of the Landau collision operator (1). The coupled Maxwell system takes
the form

OE —cV,x B=—4nJ = —47r/

R3

{6+]1\/j+f+ - ep_\/jf} dp,
Po Po
(5) OB+ cV,x E=0,
with constraints
6) V., E=dmp= 47r/ {e+\/j+f+ - e_\/j_f_}dp, V. B =0,
]Rii

with E(0,z) = Eo(x), B(0,z) = Bo(z). In computing the charge p, we have used

the normalization [ps J4(p)dp = i
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Notation: For notational simplicity, we shall use (-, -) to denote the standard L?
inner product in R? and (-,-) to denote the standard L? inner product in T2 x R3.
We define the collision frequency as the 3 x 3 matrix

(7) ol (p) = / (P, Qx)J (q)da.

These four weights (corresponding to signatures (+,+), (+,—), (—,+), (—, —)) are
used to measure the dissipation of the relativistic Landau collision term. Unless

otherwise stated g = [g4+,9-] and h = [hy,h_] are functions which map {t >
0} x T3 x R?® — R2. We define
(9,h)s = / {(aij’Jr + Ufﬁ) Op,;9+0p, hy + ( _+o” +) apjg,ﬁpih,} dp,
R3
1 i i\ Pi Dj
8 _ ( ) 1) ) J hod
(8) +4/]R3 oy tof_ p0p9++p
1 . g D
+*/ (UZ, + 0?7+) p—_p—ig,h,d;m
4 Jps Do Po

where in (8) and the rest of the paper we use the Einstein convention of implicitly
summing over i,7 € {1,2,3} (unless otherwise stated). This complicated inner
product is motivated by following splitting, which is a crucial element of the energy
method used in this paper (Lemma 6 and Lemma 8):

(Lg.h) = ([L+g.L_gl.h) = (g, h}y +a “compact” term.

We will also use the corresponding L? norms

o2 = (0900 9l = (9.9), = [ (s.9)dl

We use | - |2 to denote the L2 norm in R3 and | - || to denote the L? norm in either
T3 x R? or T? (depending on whether the function depends on both (x,p) or only
on z). Let the multi-indices v and 3 be v = [y°,v1,4%,4%], B = [8%, 32, 3%]. We
use the following notation for a high order derivative
— B 58 58°
a’)’ a’)’ 8;1 8;2 6;3 apl 8102 8173 :

If each component of § is not greater than that of 3’s, we denote by 5 < 3; 8 < 8
means 3 < 3, and |8| < |3]. We also denote (g) by C’g. Let

NFAIPE = > o3F@)IP,
[v|+IBI<N
NANZE = 2 1103FWI2.
[v|+|BI<N
IE,BIIP®) = > [07E(), "B
lvIsN

It is important to note that our norms include the temporal derivatives. For a
function independent of ¢, we use the same notation but we drop the (¢). The
above norms and their associated spaces are used throughout the paper for arbitrary
functions.
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We further define the high order energy norm for a solution f(t,z,p), E(t,x)
and B(t,x) to the relativistic Landau-Maxwell system (4) and (5) as

(9) E(t) = %|||f\|\2(f)+ |||[E,B]\|\2(t)+/0 111117 (s)ds.
Given initial datum [fo(x,p), Eo(z), Bo(z)], we define

1
£(0) = 5l foll* + 11l BollI*,

where the temporal derivatives of [fy, Eo, Bo] are defined naturally through equa-
tions (4) and (5). The high order energy norm is consistent at ¢ = 0 for a smooth
solution and £(t) is continuous (Theorem 6).

Assume that initially [Fy, Ey By has the same mass, total momentum and total
energy as the steady state [Ji,0, B], then we can rewrite the conservation laws in
terms of the perturbation [f, E, B]:

(10) L mepova,

/ m_f-(t)VJ- =0,
T3 xR3

1
47 T3

) [, p{mes VI emo g oV
(12)
/1r3 - mypg fr(OV Ty +m_py f- (V-

E(t) x B(t),

1 2 _ R2
~ | 1BOF + 1B - BP

We have used (3) for the normalized energy conservation (12).

The effect of this restriction is to guarantee that a solution can only converge
to the specific relativistic Maxwellian that we perturb away from (if the solution
converges to a relativistic Maxwellian). The value of the steady state B is also
defined by the initial conditions (3).

We are now ready to state our main results:

Theorem 1. Fiz N, the total number of derivatives in (9), with N > 4. Assume
that [fo, Eo, Bo] satisfies the conservation laws (10), (11), (12) and the constraint
(6) initially. Let

FO,:t(xvp) = Jj: + \/jj:fo,:t(x7p) > 0.
There exist Co > 0 and M > 0 such that if
£(0) < M,
then there exists a unique global solution [f(t,x,p), E(t,x), B(t,x)] to the perturbed
Landau-Mazwell system (4), (5) with (6). Moreover,
Fi(t,,p) = Jo + VI fu(t,z,p) > 0
solves the relativistic Landau-Maxwell system and

sup &(s) < Cu&(0).
0<s<0
Remarks:
e These solutions are C!, and in fact C*, for N large enough.
e Since [°|||f|||2(t)dt < 400, f(t,x,p) gains one momentum derivative over
it’s initial data and ||| f]||2(¢) — 0 in a certain sense.
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e Further, Lemma 5 together with Lemma 13 imply that

Y {lE®I+110{B) B} <C Y 1107 f(D)llo-

[y[<N-1 [v|<N

Therefore, except for the highest order derivatives, the field also converges.
e It is an interesting open question to determine the asymptotic behavior of
the highest order derivatives of the electromagnetic field.
Recently, global in time solutions to the related classical Vlasov-Maxwell-Boltzmann
equation were constructed by the second author in [6]. The Boltzmann equation is
a widely accepted model for binary interactions in a dilute gas, however it fails to
hold for a dilute plasma in which grazing collisions dominate.
The following classical Landau collision operator (with normalized constants)
was designed to model such a plasma:

Ca(F_,F, )=V, { . d(v— V) {Vo F_(0)Fy (v)) — F_(0)Vy Fy (v} dv'} .

The non-negative 3 x 3 matrix is

(13 6it0) = {1, - T b

c

Unfortunately, because of the crucial hard sphere assumption, the construction
in [6] fails to apply to a non-relativistic Coulombic plasma interacting with it’s
electromagnetic field. The key problem is that the classical Landau collision op-
erator, which was studied in detail in [5], offers weak dissipation of the form
Jgs (L+]v]) | f[2dv. The global existence argument in Section 6 (from [6]) does not
work because of this weak dissipation. Further, the unbounded velocity v, which
is inconsistent with Einstein’s theory of special relativity, in particular makes it
impossible to control a nonlinear term like {E - v} f1 in the classical theory.

On the other hand, in the relativistic case our key observation is that the corre-
sponding nonlinear term ¢ { E-p/ pg} f+ can be easily controlled by the dissipation
because |cp/p0i| < ¢ and the dissipation in the relativisitc Landau operator is
Jzs [f?dp (Lemma 5 and Lemou [8]).

However, it is well-known that the relativity effect can produce severe mathemat-
ical difficulties. Even for the related pure relativistic Boltzmann equation, global
smooth solutions were only constructed in [3, 4].

The first new difficulty is due to the complexity of the relativistic Landau collision
kernel ®(P;,Q_). Since

P Q- 1 1

~
mic m_c 2c

p q

my m_

P Q-

2
when ,
myc m_c

%

the kernel in (1) has a first order singularity. Hence it can not absorb many deriva-
tives in high order estimates (Lemma 7 and Theorem 4). The same issue exists for
the classical Landau kernel ¢(v — v’), but the obvious symmetry makes it easy to
express v derivatives of ¢ in terms of v’ derivatives. It is then possible to integrate
by parts and move derivatives off the singular kernel in the estimates of high order
derivatives. On the contrary, no apparent symmetry exists beween p and ¢ in the
relativistic case. We overcome this severe difficulty with the splitting

0y, @ (P}, Q) = —jj‘iaqu(&,w + (a + ;a) 9 (Py,Q-),
0 0
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where the operator <8pj + %aqj) does not increase the order of the singularity

mainly because
<apj + qiaqj) P.-Q =0
Py

This splitting is crucial for performing the integration by parts in all of our estimates
(Lemma 2 and Theorem 3). We believe that such an integration by parts technique
should shed new light on the study of the relativistic Boltzmann equation.

As in [5, 6], another key point in our construction is to show that the linearized
collision operator L is in fact coercive for solutions of small amplitude to the full
nonlinear system (4), (5) and (6):

Theorem 2. Let [f(t,z,p), E(t,x), B(t,x)] be a classical solution to (4) and (5)
satisfying (6), (10), (11) and (12). There exists My, dg = So(Mo) > 0 such that if

(14) S {5l IP + o BIP + 0" B0 | < M,

[v|IEN
then

S LOTf(),0f(t) =60 Y 07 f(B)][2

[vI<N [v|<N

Theorem 2 is proven through a careful study of the macroscopic equations (98)
- (102). These macroscopic equations come from a careful study of solutions f to
the perturbed relativistic Landau-Maxwell system (4), (5) with (6) projected onto
the null space N of the linearized collision operator L = [L, L_] defined in (21).

As expected from the H-theorem, L is non-negative and for every fixed (¢, x) the
null space of L is given by the six dimensional space (1 < i < 3)

(15) NESpan{[\/j—HO]a [Oa \/j—]v [pi\/j+api\/j—}’ LPS_\/ijPE\/j—]}

This is shown in Lemma 1. We define the orthogonal projection from L*(R3) onto
the null space A/ by P. We then decompose f(t,z,p) as

f=Pf+{I-P}f.

We call Pf = [P, f,P_f] € R? the hydrodynamic part of f and {I—P}f =
{I-P},f,{I—P}_f]is called the microscopic part. By separating its linear and
nonlinear part, and using L1 {Pf} = 0, we can express the hydrodynamic part of
f through the microscopic part up to a higher order term A(f):

(16) {at vk, vx} Pt {E pf;} Vs = L ({T— P}f) + ha(f),

where

(17)  =({I-P}f)

- {at+ i-vx} I-P)of+Ls{{I-P}}.
Py

h+(f) Fet <E+ p% X B) “Vpfs
0

etc D
(19) s { B L et
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We further expand Py f as a linear combination of the basis in (15)

3
(19) Pof=Sax(t,x)+ > bi(t,x)p; +clt,x)py p VJ+.

j=1

A precise definition of these coefficients will be given in (94). The relativistic system
of macroscopic equations (98) - (102) are obtained by plugging (19) into (16).

These macroscopic equations for the coefficients in (19) enable us to show that
there exists a constant C' > 0 such that solutions to (4) which satisfy the smallness
constraint (14) (for My > 0 small enough) will also satisfy

(20) > Al ax|| + 11078l + [[07¢l|} < C(Mo) D [{I - P} ()],

[vI<N |y|<N

This implies Theorem 2 since ||P f||, is trivially bounded above by the L.h.s. (Propo-
sition 2) and L is coercive with respect to {I — P}97f(t) (Lemma 8).

Since our smallness assumption (14) involves no momentum derivatives, in prov-
ing (20) the presence of momentum derivatives in the collision operator (1) causes
another serious mathematical difficulty. We develop a new estimate (Theorem 5)
which involves purely spatial derivatives of the linear term (21) and the nonlinear
term (23) to overcome this difficulty.

To the best of the authors’ knowledge, until now there were no known solutions
for the relativistic Landau-Maxwell system. However in 2000, Lemou [8] studied
the linearized relativistic Landau equation with no electromagnetic field. We will
use one of his findings (Lemma 5) in the present work.

For the classical Landau equation, the 1990’s have seen the first solutions. In
1994, Zhan [10] proved local existence and uniqueness of classical solutions to the
Landau-Poisson equation (B = 0) with Coulomb potential and a smallness as-
sumption on the initial data at infinity. In the same year, Zhan [11] proved local
existence of weak solutions to the Landau-Maxwell equation with Coulomb poten-
tial and large initial data.

On the other hand, in the absence of an electromagnetic field we have the fol-
lowing results. In 2000, Desvillettes and Villani [2] proved global existence and
uniqueness of classical solutions for the spatially homogeneous Landau equation for
hard potentials and a large class of initial data. In 2002, the second author [5]
constructed global in time classical solutions near Maxwellian for a general Landau
equation (both hard and soft potentials) in a periodic box based on a nonlinear
energy method.

Our paper is organized as follows. In section 3 we establish linear and nonlinear
estimates for the relativistic Landau collision operator. In section 4 we construct
local in time solutions to the relativistic Landau-Maxwell system. In section 5 we
prove Theorem 2. And in section 6 we extend the solutions to T' = oc.

Remark 1. It turns out that the presence of the physical constants do not cause
essential mathematical difficulties. Therefore, for notational simplicity, after the
proof of Lemma 1 we will normalize all constants in the relativistic Landau-Mazwell
system (4), (5) with (6) and in all related quantities to be one.
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3. THE RELATIVISTIC LANDAU OPERATOR

Our main results in this section include the crucial Theorem 3, which allows us
to express p derivatives of ®(P, Q) in terms of ¢ derivatives of ®(P, Q). This is vital
for establishing the estimates found at the end of the section (Lemma 7, Theorem 4
and Theorem 5). Other important results include the equivalence of the norm |- |,
with the standard Sobolev space norm for H! (Lemma 5) and a weak formulation
of compactness for K which is enough to prove coercivity for L away from the null
space N (Lemma 8). We also compute the sum of second order derivatives of the
Landau kernel (Lemma 3).

We first introduce some notation. Using (2), we observe that quadratic collision
operator (1) satisfies

C(J+, J+) = C(J+7 Jf) = C(Jf, J+) = C(Jf, J7> =

Therefore, the linearized collision operator Lg is defined by

(21) Lg=[Lig,L_g], L+g=—-Arg— Kuig,

where
Arg = _1/2 (f+g+aJ+) 1/2 (\F+9+a -);
Ag = 1/2 C(VI_g_,J-)+ ”2 C(VI_g_,Jy),

(22) Kig = J7%e(, f+g+)+,] Y2e(Jp VT g,
K.g = ‘”2 CI_ VT _g_)+J-2C(I- VI gy).

And the nonlinear part of the collision operator (1) is defined by
[(g,h) = [T'+(g,h),T—(g,h)],
where
(23) Ty(g.h) TPV T ege NI hy) + I 0V T g VT Zho),
T_(g,h) = JV2C(VT_g_NT_h_)+J (VI _g_,VIihy).

We will next derive the null space (15) of the linear operator in the presence of all
the physical constants.

Lemma 1. (Lg,h) = (Lh,g), (Lg,g) > 0. And Lg =0 if and only if g = Pg.
Proof. From (21) we split (Lg, h), with Lg = [Ly+g, L_g], as

{C(VJrg+:J4) +C(J4, /J1+g+) }dp

. @
(24) /RS{\/;:{C( J19+,J-) +C(J4, J—g—)}}dp
-/ {;}_{aﬁg_,m e, J+g+>}}dp

-/, hﬁ{aﬁg, J_)+C(J_\/T_g-)}dp.
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We use the fact that dg,J_(q) = fk;T;—iJ_ (¢) and Op, J}F/Q(p) — 7k;T:—iJ+(p)
0 0
as well as the null space of ® in (2) to show that
C( + nga J- )
i qi Di
= 0, [ 2P @0 { (£ - L) 00+ 0000 p
0

q 2pg

= O [ 9P @ 0) { s )+ 9,000

= 0 [ PP Q@)1 )3, (I g ()
And similarly
C(J_, 7y g4)
= <0, [ o9 @ { (2 - ) e+ 0,90 f

— +
)} 2q,

= 0 [ P07 0 { o)+ 4,000 o

@)= <0y [ BIP-QuI ()4 @0y, (7 g (a)da

Similar expressions hold by exchanging the + terms and the — terms in the appro-
priate places. For the first term in (24), we integrate by parts over p variables on
the first line, then relabel the variables switching p and ¢ on the second line and
finally adding them up on the last line to obtain

] #9(Pe 0014017000 00477 0)
x{0y, (9495 (9)) = 04, (9415 () }pdg
J[ #9Pr @07 @04 (T 0)
% {0y, (9475 "%(0)) = By, (947 /% (p) Ypdg
5[] 0P Q L )T @0 (0 7 0) - 0, (14T @)

{0, (91T () — B4, (g4 75 % (0)) Ydpdg.

By (2) the first term in (24) is symmetric and > 0 if h = g. The fourth term can be
treated similarly (with + replaced by — everywhere. We combine the second and
third terms in (24); again we integrate by parts over p variables to compute

// O (P, Q)T+ (p)J—(0)0y, (he T * (1))
x{0p, (94752 () = 04, (9-T="(q)) }pdg
+ / / ST (P_, Q) (p) T+ ()0, (h_J = (p)

{8y, (9-T =2 () — 0, (9471 % (a)) ydpdy.
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We switch the role of p and ¢ in the second term to obtain
=[] P QT 0 (@0 (0T )~ 04, (h- T 0

{8y, (91T (0)) — By, (9-T="*(q)) Ydpda.

Again by (2) this piece of the operator is symmetric and > 0 if g = h. We therefore
conclude that L is a non-negative symmetric operator.

We will now determine the null space (15) of the linear operator. Assume Lg = 0.
From (Lg, g) = 0 we deduce, by (2), that there are scalar functions (;(p,q) (I = %)
such that

O (T2 () — B (00T 2(@)) = G, ) (;’l _ ;’l) Lie{1,2,3).
0 0

Setting ¢ = 0, 9, (glJl_l/Q(p)) = ((p, 0)%+b”. By replacing p by q and subtracting
we obtain

By (9T, ) = 00 (a1, @) = G, 0) 2 — (g, 0) L
Do 90

pi 4di qi
= a0 (% - %)+ @0 - ata.0) .
by 4o h)
We deduce, again by (2), that (;(p,0) — (;(¢,0) = 0 and therefore that ;(p,0) = ¢

(a constant). We integrate d,, (¢; Jl71/2 (p)) = cl% + by; to obtain
0

3

1/2

a0 =1{af + 3 bips + cfphy g
=1

Here aj, blgj and ¢ are constants with respect to p (but could be functions of ¢ and
x). Moreover, we deduce from the middle terms in (24) as well as (2) that

O (9477 72()) — Oy (9T~ 2(0)) = E(p0) (;L - j) .
0 0

Therefore b%; — b7, + c§ & — ¢ L = ((p,q) (& - ﬁ) . We conclude

+pg a5 Po Qo
bz-z = bgz’ i=1,2,3;
. = .
That means g(t,z,p) € N as in (15), so that g = Pg. Conversely, L{Pg} =0 by a
direct calculation. O

For notational simplicity, as in Remark 1, we will normalize all the constants to
be one. Accordingly, we write pg = /1 + |p|?, P = (po,p), and the collision kernel
®(P, Q) takes the form

(26) s = 2LYgpq),
Poqo
where
IR (N
S = {(P-Q)2—1}13—(p—Q)®(p—q)+{(P-Q)—1}(p®q+q®p)-
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‘We normalize the relativistic Maxwellian as
J(p) = J4(p) = J-(p) = e 7.

We further normalize the collision freqency

(27) o 2(0) =0 (p) = [ (P (0)da
and the inner product (-, -), takes the form
(9.h)e = 2/R3 a¥ {apjg+8pih+ + apjgfapih*} dp,
1 - p s
(28) += / oii PiLli {g+htdp + g_h_} dp.
2 Jrs  PoDo

The norms are, as before, naturally built from this normalized inner product.
The normalized vector-valued Landau-Maxwell equation for the perturbation f
in (4) now takes the form

{at+p-vm+§(E+pxB)-Vp}f—{E-p}\/jfﬁLf
Po Po Po

(29) s{z Zhreri,

with f(0,2z,v) = fo(x,v), & = [1,—1], and the 2 x 2 matrix £ is diag(1l, —1).
Further, the normalized Maxwell system in (5) and (6) takes the form
(%)@E—%mB:—j:—/

8 p%ﬁ(h — f-)dp, B+ V,xE=0,

(31) vz-E:pszgﬁm—f_)dp, vV, B=0,

with E(0,z) = Eo(z), B(0,z) = By(z).
We have a basic (but useful) inequality taken from Glassey & Strauss [3].

Proposition 1. Let p,q € R® with P = (po,p) and Q = (qo, q) then
Ip—ql* +1p x q?
2poqo

This will inequality will be used many times for estimating high order derivatives
of the the collision kernel.
Notice that

1
(32) <P-Q-1<glp—q?

q q
<5pi+00i>P-Q = (5pi+081)(poqo—p~q)
Po Do
= mqo—qﬁ%(%po—pi) =0.
Do Po \ 490

This is the key observation which allows us do analysis on the relativistic Landau
Operator (Lemma 2). We define the following relativistic differential operator

(33) ®a(pv q) = <8Ps + quq:s> (8272 + quq2> (3171 + %aq1> ‘
Po Po Po

Unless otherwise stated, we omit the p,q dependence and write ®, = O, (p, q).
Note that the three terms in ®, do not commute (and we choose this order for no
special reason).
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We will use the following splitting many times in the rest of this section,

(34) A={lp—dal+Ipxq =Ipl+1]/2}, B=A{lp—al+pxql <Ilp|+1]/2}.
The set A is designed to be away from the first order singularity in collision kernel
®(P,Q) (Proposition 1). And the set B contains a ®(P, Q) singularity ((26) and
(32)) but we will exploit the fact that we can compare the size of p and g. We now
develop crucial estimates for ®,P(P, Q):

Lemma 2. For any multi-index «, the Lorentz inner product of P and @ is in the
null space of O,

©u(P-Q) =0.
Further, recalling (26), for p and q on the set A we have the estimate
(35) 1©4(p,9)®(P, Q)| < Cpy g,
And on B,
1
(36) g0 < po < 6qo.

Using this inequality, we have the following estimate on B

(37) ©.(p,9)(P,Q)| < Caipy ' |p — g .

Proof. Let e; (i = 1,2,3) be an element of the standard basis in R3. We have seen
that O, (P-Q) = 0. And the general case follows from a simple induction over |«/|.
By (26) and (33), we can now write

is _ 5(p.q)
O, (p.q)® <P,Q>—A<P,Q>®a<p,q>( i )
where
SY(p,a)\ B
o. (pq) = {(P-QP 1)} Ou {3/ (poao)}
(38) +(P-Q —1)0q {(pig; + pja:)/(Pogo)}

—©,{(pi —a:)(pj — 4;)/(Poqo)} -

We will break up this expression and estimate the different pieces.
Using (33), the following estimates are straight forward

(39) €0 {6:5/(poao)}| < Caytpy 1,
(40) 1O {(pig; +pia:)/ (o)} < Cpg .
On the other hand, we claim that

—d? _
(a) 0 ({0 — (o — 4/ (e} < L= e,

This last estimate is not so trivial because only a lower order estimate of |p — g is
expected after applying even a first order derivative like ®.,. The key observation
is that

do do

(% + =0 ) (Pi —a:)(p; — ) = (1 - ) (Pj = 45)

Po Po
and the r.h.s. is again second order. Therefore the operator ®, can maintain the
order of the cancellation.



STABILITY OF THE RELATIVISTIC MAXWELLIAN IN A COLLISIONAL PLASMA 15

Proof of claim: To prove (41), it is sufficient to show that for any multi-index «
and any i, j,k,1 € {1,2,3} there exists a smooth function G};" (p, ¢) satisfying

3
(42) Ou {(pi —a:)(p; — q;)/(Pogo) } Z e — qx) (i — )G (0, )
k=1

as well as the decay
(43) 3,02 G (p, q)‘ < gy VIralpytlel=tnl

which holds for any multi-indices v1,v5. We prove (42) with (43) by a simple
induction over |a].

If |a| = 0, we define
qopo
The decay (43) for szj (p, q) is straight forward to check. And (42) holds trivially
for |a] = 0.

Assume the (42) with (43) holds for |a| < n. To conclude the proof, let |o/| =
n + 1 and write ©, = O, 0O, for some multi-index o with

€m

G (p,q) =

m = max{j : (/)7 > 0}.

This specification of m is needed because of our chosen ordering of the three differ-
ential operators in (33), which don’t commute. Recalling (33),

O, (Pk — ar) = Okm (1 - )

Do

From the induction assumption and the last display, we have

O {(pi — a:)(p; — 4;)/(Poqo) }

3
= 0., > (pr—a)o—a)Gri” (p,q),
k=1
q0 &
- (1_m>;(pk—qk){6' I (p, )-I-G’J(a )}
3

+ Y ok — @) — a)®e, GV (p,0).

k=1
‘We compute

L _mw-w_ P-@ _P-9 @+td _Tie—a)p+a)

Do po  popo+q)  polpo+aq) Po(Po + Qo)

We plug this display into the one above it to obtain (42) for o’ with the new
coefficients

s i {Gfiiff (p,q) + Gy (. Q)} (e + 1)
G (p,q) =0, G (p,q) + po(po + q0) :

We check that GZ‘; "I (p, q) satisfies (43) using the Leibnitz differentiation formula
as well as the induction assumption (43). This establishes the claim (41).
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With the estimates (39), (40) and (41) in hand, we return to establishing (35)
and (37). We plug the estimates (39), (40) and (41) into ©,®% (P, Q) from (38) to
obtain that

©.89(P.Q)| < Cp(P-QR{(p-qp -1y T
Podqo

(44) +Cp8'a'(P-Q)2{( : 2—1}‘3/213-@—1)
—lal p A2 -3/2 [p—4q®

+Op (P QP {(P- P 1)L

We will use this estimate twice to get (35) and (37).
We first establish (35). On the set A we have

—_

') 2

1
2lp—ql* +2pxq*> > (Ip—ql +pxq)® > P2+ 5 = 1P

S

From (32) and the last display we have

L po

P-Q+1>2P-Q—-1>—
16 qo

From the Cauchy-Schwartz inequality we also have

0<P-Q—1<P-Q<pogo+|p-ql <2pogo.

We plug these last two inequalities (one at a time) into (44) to obtain

/2 o +pRgd +
@, (p,q)| < C(P-Q?{(P-Q>—1}" I{poqo ;;EZE poQo}

< C(poqo)* {(P — 1} py 1 ogo
< C(poqo) {P'Q— 1} P(;‘al
—3
< C(pOQO)3 (po) palal-
qo

We move on to establishing (36). If [p| < 1, then py < 2 < 2¢gp. Assume |p| > 1,
using B we compute

> Jal > |pl ~Ip | > glpl — 5 > gpo—
qgo = |4] = |P pP—q p 5 = 4p0 9
Therefore, pg < 6¢gp on B. For the other half of (36),
3
Go < po+Ip—gl < 5po+ 5 < 2po.

5=

We move on to establishing (37). On the set B we have a first order singularity.
Also (32) tells us

lp—ql?
2poqo

1
<PQ-1<glp—qf
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We plug this into (44) to observe that on B we have
g —3/2 _
0.0V (p,q)] < C(P-QP{(P-Q*—1} " py!

{(P Q+1D)lp—q®+lp—q*+1Ip— Q|2qopo}
qdopPo

X

—3/2 _|a
< CP-QP{(P-QP* -1} pp— g
—-3/2 _—
< Clpogo)* {(P- Q)% — 1} pg*l|p — g
< C(pogo)*(poqo)**lp — gl {P-Q + 1} py 1!
< Cpogo)”?Ip —a|"'py .
We achieve the last inequality because (32) says P-Q > 1. O

Next, let u(p, ¢) be an arbitrary smooth scalar function which decay’s rapidly at
infinity. We consider the following integral

/RS Y (P,Q)J"*(q)u(p, q)dq.

Both the linear term L and the nonlinear term T' are of this form (Lemma 6). We
develop a new integration by parts technique.

Theorem 3. Given |3| > 0, we have

s /RS (P, Q)J"(q)u(p, q)dg

5 = ) /951(I>”(P,Q)Jl/z(q)af;z@ﬁgu(p,q)wgl,gz,gg(p,q)dq
Bi+BatBs<p R

where ‘pgl,ﬁz,ﬁg (p,q) is a smooth function which satisfies

— + — -
(46) 08, Doy 1 (0 0)| < O eIl

for all multi-indices v1 and vs.

Proof. We prove (45) by an induction over the number of derivatives |3|. Assume
B=e; (i=1,2,3). We write

(47) 0,

i

qo 4o qo
8i+<6i+8i)8i+®‘i
Po @ b Po I Po e ‘
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Instead of hitting % (P, Q) with 9,,, we apply the r.h.s. term above and integrate
by parts over fgfgaqi to obtain

Or /RS ®Y(P,Q)J*(¢)n(p, a)dq

= [ P @00
dU(P 120090 5 d
+/Rs (B.Q)T (@)~ Dgupi(p. a)dg

+ [ @i(P,Q)? (qi —Qi) Lq)d
L #9 P ) (e~ ) g

N / 0., (P,Q)J*?(q)u(p, 9)dg.
RS

We can write the above in the form (45) with the coefficients given by
(48)

i
‘15000(17, q) = -

qopo 22?

) ¢e1 oo(p’ q) =1, ¢0e1 o(p, )* o ¢00e1(p» q)=1.

And define the rest of the coefficients to be zero. Note that these coefficients satisfy
the decay (46). This establishes the first step in the induction.

Assume the result holds for all | 5] < n. Fix an arbitrary 8’ such that |3'| = n+1
and write dg = 0,,,0g for some multi-index 3 and

m =max{j: (3') > 0}.

This specification of m is needed because of our chosen ordering of the three differ-
ential operators in (33), which don’t commute.
By the induction assumption

I /W (P, Q)J"*(q)u(p, q)dg

=X o [ @u Pl 0)¢, 5, 5,0
B1+B2+B3<8

We approach applying the last derivative the same as the |3] = 1 case above. We
obtain

(49) = Z/ ©5,27(P,Q) T ()¢5, 5, 5. (P, 1)y, 0% D5, 1(p. 0)dg
60+ [ 0s 8 PQI W, 5,5 0.0 20,0805, up.0)dy
6 X[ 00050 05,0006, 5, 5, (1)

+3 [ @0 (P.QU )08, 5.0

4o qm dm i
52 9, +Lg 4 dm Am) 5 0)d
( ) ( Pm + Do qm + P0qo 2p0> @51’32’53 (pa q) q,
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where the unspecified summations above are over 51 + f2 + 33 < 3. We collect all
the terms above with the same order of differentiation to obtain

= Z [R* SN oY (P, Q)J1/2 (q)ag2 653M(p7 q)@glﬁ%ﬁﬁ (p, q)dq,
Bi+B2+B<p 7

where the functions wg; Bs.Bs (p,q) are defined naturally as the coefficient in front
of each term of the form @, ®¥ (P, Q)Jl/z(q)ag2 O, pu(p, q) and we recall that 5’ =

B+ em.
We check (46) by comparing the decay with the order of differentiation in each
of the four terms (49-52). For (49), the order of differentiation is

Br =01, B2 = P2, B3 =Ps+em.
And by the induction assumption,

— B31|+|83]—|8|—
08,0005 5 5 )| < CgfiTIIpiHIB Il

IN

Cq(l)ﬁJreml*lVl\p\oﬂl|+\B3+6mlflﬁ+ei\*\l'2|
thl)ﬁ/\—lw|p(|)51\+|53|—\5’|—|1’2\.

This establishes (46) for (49).
For (50), the order of differentiation is

B =P, Bo= P2+ em, B3= 035

And by the induction assumption as well as the Leibnitz rule,

do Bl+1— B1l+Bs|—8]—1—
00, 0v, (pngglwﬁQ,ﬁs(p7q)> ng‘ Mlp(I)I‘ 1Fsl =171 |l/2|7

A\

Cgll 1=l 185115 = ]

This establishes (46) for (50).
For (51), the order of differentiation is

B =PB1+ em, Ba= P2, B3 =[5

And by the induction assumption,

A

—|v 3 + B3| — — |V
08,0005, 5, 5, (Po0)| < O’ pg AT

)

Cq(l)ﬁ'\*llflIp(l)ﬁlHlﬁslf\ﬁ/I*IVz\.

IN

This establishes (46) for (51).
For (52), the order of differentiation is
B =P, B2 =Pa, Bs = D5
And by the induction assumption as well as the Leibnitz rule,

qo qm qm B
q - = Z -
aylaVQ {<8Pm + o an + Pogo 2p0> Soﬁlﬁzﬂ?, (pa q)}'

< Cq(|)3|+1—|ul|p(\)51\+|B3|—W|—1—|V2|’

— Oq(l)ﬁ ‘_‘Vllpl)’BIIHBBl_Iﬁ [=lva|

This establishes (46) for (52) and therefore for all of the coefficients. O
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Next, we compute derivatives of the collision kernel in (26) which will be impor-
tant for showing that solutions F. to the relativistic Landau-Maxwell system are
positive.

Lemma 3. We compute a sum of first derivatives in q of (26) as

i _ARQ) oy
(53) ;aqu (P,Q) =2= = (P-Qpi — ).

This term has a second order singularity at p = q. We further compute a sum of
(58) over first derivatives in p as

P-Q
Poqo

(54) 30,0, 97(P.Q) =422 f(p.qy —1} " 20

0,J
This term has a first order singularity.

This result is quite different from the classical theory, it is straightforward com-
pute the derivative of the classical kernel in (13) as

Z a’[}i a’ué (bij (U - U/) =0.
N
On the contrary, the proof of Lemma 3 is quite technical.

Proof. Throught this proof, we temporarily suspend our use of the Einstein sum-
mation convention. Differentiating (26), we have
g 04, A(P, g
0y, 97 (P,Q) = 9 MP.9) i p )
Poqo
A(P
)
Podo

(athSij(P>Q) - q;S”(PuQ)> .
4o
And
2 —3/2 q;
o,MrQ) = 2 of @ -1} (L))
q0
-5/ )
—3(P- Q)3{(P Q) - 1} i <szp0 —pj> .
Since (2) implies Zj S (P,Q) (%po - pj) = 0, we conclude

Z Poqo

=0.

J
Therefore it remains to evaluate the r.h.s. of

ij _APQ) ij 9 iy
65 Taeire =Y Z(as (P.Q) - %s <P,Q>).
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We take a derivative of S¥ in (26) as
0,57 = 2P @) (L) +
+{P-Q — 1} (pi + 0ijp;) + (1 + 6i5) (pi — @)
= 2(P-Q) ( Po —p]) 8ij + (qu(;pz +p]qg§ @G — pipidj — qip?)
+P - Q(1+0i5) pi — (1 + dij)

Next, sum this expression over j to obtain

> 0,89 = 2(P- Q)( p0p1>+§2(|Q|2pi+P‘qCIi)
7

ol pj> (pigj + 4ipj)

—p-qpi — |p|®q; + 4P - Qp; — 4q;.

We collect terms which are coefficients of p; and ¢; respectively

> 0,57 = {(P Q)—+p q = Ipl* = }
J
+pi{—2P-Q+IQI2§O—p-q+4P-Q}

5 ~w(Pro-a) im0 m),
q0 q0

where the last line follows from plugging |p|? = pg — 1 = poqoq—o — 1 into the first
line and plugging

2Po 2P0 Do Po
la"— =a5— —— =pogo — —
qo q0 q0

into the second line.
Turning to the computation of ,q% > ;4;8%, we plug (26) into the following
0

Y07 (PQ) = {(P-Q° - 1}a-mi-a)eb-q

+{(P-Q)—1} (p- qai + lal*ps)
We collect terms which are coefficients of p; and g; respectively to obtain
= G ((P-Q)2—1+q-(p—Q)+p-q{P-Q—1})
+pi (=g~ (=) + g {P-Q-1})
= ((P-Q)2—1—|q|2+p-q(P-Q)) +pi (~p-q+d*P- Q)
= 4 (IpPa5 —pogor - a) + i (la*P-Q —p-q)
= ¢ (a5 —podor -4 —a3) +pi (P -Q—P-Q—p-q)

= pOQOQi( Q_>+QOpz (P-Q—po)-
q0

Divide this expression by ¢3 to conclude

(57) ZZ—%SJ - (12019 Q—l) +pz(P Q—).
J

q0
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This and (56) are very symmetric expressions.
We combine (56) and (57) to obtain

) (%S” - qéS”) i (p°P Q- 3) +pi (3P Q- po)
q q0 q0

; 0
—g; (pOPQ—l) (P Q—)
q0 q0
= 2(P-Qpi—q).
We note that this term has a first order cancellation at p = q. We plug this last

display into (55) to obtain (53).
We differentiate (53) to obtain

Zapizaqg'q)ij(PvQ = 228P1APQ) (P Q 7,_%)
( J

Podqo

%

(58) R AMPQ) Z (api - fjg) (P-Qpi — ).

Poqo

And we can write the derivative of A as

[

0MPQ = PP @1} (B ) (PP +2).

We compute

Z (Z)(Io - Qi> (P-Qpi —qi) = Z <ZE(P ) Q)p? - ;]szi%' —pigi(P- Q)+ qf)

%

_ 2 40 2
= pO(P Q)lp| pp q—p-q(P-Q)+lq*.

We further add and subtract q—O(P - @) to obtain
= poqo(P- Q) - ZTO(P Q) - ;p ¢—p-q(P-Q)+laf

(
= po@o(P-Q)—q5—p-a(P-Q)+ gl
= POQO(P'Q)—P'Q(P'Q)—l
= (PQP-
We conclude that
8PLA(P7Q) . o __P'Q ((PQ)2+2)
Z Podo (P-Qpi —gi) = Dodo {(P'Q)Q_I}S/T

This term has a third order singularity. We will find that the second term in (58)
also has a third order singularity, but there is second order cancellation between
the two terms in (58).

We now evaluate the sum in second term in (58) as

S8 ean-a) = X (men (nla) - pol +20)
Z(% pg>(P Qpi — ¢i) Z( Q+p pi, = ng+p

D)
i i 0

(59)

= 3P Q+pPL—p.g-P- Q@+—f
Do Do
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We add and subtract g—E as well as }; 2Q to obtain
0]
q P-Q p-q
= 3P-Q—"+pogo—p-q—-P-Q+—5>+ "5
Po Po Po
- 3p.Q-D 0 _3p.q
Po Po

Therefore, plugging in (26), we obtain

A(P,Q) P NN € i ISP SR B
mg:(apz_%) (P'sz Qz)—3 Dodo {(P Q) 1} .

Further plugging this and (59) into (58) we obtain (54). O

In the following Lemma, we will use Lemma 3 to obtain a simplified expression
for part of the collision operator (1) which will be used to prove the positvity of
our solutions F to the relativistic Landau-Maxwell system.

Lemma 4. Given a smooth scalar function G(q) which decays rapidly at infinity,
we have
P-Q

~1/2
oy [ #9P.Qo G = 4 [ 20 -1} Gl
R3 R3 Poqo
+r(p)G(p),
where k(p) = 27/27pq [ (14 [p|* sin® 0) %2 Sin 9de.

Proof. We write out 8,, as in (47) to observe
~0,, [ v Gl - - [ {—Za n @} & (P, Q) Gla)da
. / O, (P, Q)dy, G(q)dg
+ Z—zaq;pij(P,Q)aqu(q)dq.

We split these integrals into |p — ¢| < € and |p — ¢| > € for € > 0. We note that the
integrals over |p — ¢| < € converge to zero as € | 0. We will eventually send € | 0,
so we focus on the region |p — ¢| > e. We rewrite

© 5, 8 (P,Q)0,Gla) = Oy {‘”aqi@“(P, Q>G<q>}
Po Po

do i
_8% {aqi‘l)” (P, Q)} G(q).
Po
After an integration by parts, the integrals over |p — g| > € are

= [ (e.ra}d
_/ aqj {qoaqiq)ij (P, Q)} G(q)dq
lp—gl|>e Po

oo {ma,0nrQ0 |
lp—a|>e Po
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By the definition of @, in (33), this is

- [ g0 a6
[p—al>e

[p—q|>e

o { .5, (P, Q>G<q>} dg.

We plug (54) into the first term above to obtain the first term on the r.h.s. of this
Lemma as € | 0. For the second term above, we apply the divergence theorem to
obtain

[ o {Roenrowa= [ La,eumeti=Laogas
Ip—q|>e Po Ip—q|=e PO Ip — 4

where dS is given below. By a Taylor expansion, P-Q = 1+ O(|p — ¢|?). Using
this and (53) we have

lp—ql+O0(p—ql™).

. —y A(P,
Dy, ai(p,g)ti =0 — M2
Do lp—d Do
And the integral over |p — ¢| = € which includes the terms in O(|p — ¢|~!) goes to
zero as € | 0. We focus on the main part

2y / AP, Q)lp — ¢|G(g)dS.
|[p—q|=e

We multiply and divide by pogo + p - ¢ + 1 to observe that

_lp—aP+lpxqf

P-Q-1 .
pogo+p-qg+1

This and (26) imply

3/2
Pogo+p-qg+1 —3/2
A:(P'Q)2<p2q2—p-q+1) (Ip—al +lpx q?) /.

We change variables as ¢ — p — ¢ so that the integrand becomes Alg|G(p — ¢) and
we define go = /1 + |p — ¢g|? so that after the change of variables

_ 3/2
~ podo + [p|* —p-q+1 2 2\ —3/2
A=(poqo—p2+p-Q)2( — lg|* +p x q -
i podo — P> +p-q+1 (Ia*+| ")

We choose the angular integration over |g| = € in such a way that p- ¢ = |pl||g| cos 8
and dS = €?sinfdfd¢ = €*dw with 0 < 0 < 7, 0 < ¢ < 27. Note that as e | 0 (on
gl =€)

SN — 2%/2 (14 [p|?sin® 0) _3/2pg.

Hence, as ¢ | 0,
2p62/|| Alg|G(p — q)dS = 2p52/S EAG(p — eaw)dw — w(P)G(p),
al=e ’

with x defined in the statement of this Lemma. O

Lemma 5. There exists C' > 0, such that

1 2 2 2 2
(60) = {1093 193} < lgl2 < € {90913+ l9l3}
Further, a% (p) is a smooth function satisfying

(61) 1950 (p)| < Cpy 7.
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Proof. The spectrum of o (p), (27), consists of a simple eigenvalue A;(p) > 0
associated with the vector p and a double eigenvalue Ao (p) > 0 associated with pt;
there are constants c1,cz > 0 such that, as |[p| — oo, Ai(p) — ¢1, A2(p) — c2. In
Lemou [8] there is a full discussion of these eigenvalues. This is enough to prove
(60); see [5] for more details on a similar argument.

We move on to (61). We combine (27) and (45) (with u(p,q) = J'?(q)) to
obtain

dp0 (p) = 05 /]RB (P,Q)J(q)dq

3 / 05, B(P,Q)JV(0)0, TV (0)0lh 4. o(p, a)da.
Br+B2<5 ' R®

By (46) then

oo <c Y A [1@50(PQ)l 0.
B1+p2<B

Recall (34), we split this integration into the sets A, B. We plug in the estimate
(35) to get

ploﬁllBI/A|@ﬂ1q>(P,Q)|J1/2(q)qu CplP1= 181,111 _ =18,

On B we have a first order singularity but ¢ is larger than p, in fact we use (36) to
get exponential decay in p over this region. With (37) we obtain

[ 105,821 @da < ) [ o= al™ S
We can now deduce (61). O

We now write the Landau Operators A, K,T" in a new form which will be used
throughout the rest of the paper.

Lemma 6. We have the following representations for A, K, T € R2?, which are
defined in (22) and (23),

Ag = 2770, (70" (Dy,0+ o a))
2po
_ ij _ 2P Py ij P
(62) 28111 (U apjg) 20— pO pOg + api {J pO 97
) Ko = 36720, {36) [ #9700, 600 1L D 1.1
i

)20, {7) [ 9977202 0la) - 1,1 1.1,

where ® = &Y (P,Q). Further

(64) I'(g,h) = [T (g,h),T—(g,h)],
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where

Pi(g.h) = (a P ) 77 @04,0..0) () - 1) da

2po

(00— 22 [ 0970000, () 1,1 da

Proof. For (62) it suffices to consider 2.J(p)~'/2C(J"%gL, J):
)20, / o9(P,Q) {9y, (7292 (0)) J(a) = (7292 (1)) 0y, I (a) } da
)~V20, /R OY(P,Q)J(g)J (p)"/? {apjgi + (Z; “5r )gi} dg

— 27(p) 0, {a”' ()T (p)/2 (apjgi ; fzj‘ogi) } |

Above, we have used the null space of ® in (2). Below, we move some derivatives

inside and cancel out one term.
i ij P
+9i)} {UJ P (519i+9i>}
2po Po ®) (% 2po

20p, {0 (p)0p, 9+ } + Oy, {o” (p)if)} g+ — 50” () B ‘%gi

I
DO
,PQ'J
—N
q(\" .
<
S
/N
FQ.D
NS
P

For K simply plug (25) with normalized constants into (22). For I', we use the
null condition (2) to compute J(p)~/2C(v/Jgy,VJh_)

= 020, [ SIPQU@T ) {h-(0)0,,9+ () 0, h- () (p)} da
)70, [ 89(P.QUI I 0) {jq - ;;} h_(q)g+ (»)dg

= )0, [ 49 (P.QI I 0) {h-(0)0,94() ~ 0, h-(@)g: ()} dy

B <8P1 B 2];0) /(I)” (P Q J1/2 {h p;g+ ) aq]h }dq

Plug four of these type calculations into (23) to obtain (64). O

We will use these expressions just proven to get the estimates below.

Lemma 7. Let |3| > 0. For any small n > 0, there exists Cy, > 0 such that

(65) —(05{Ag}, 959) > 108912 —n D 19agl? — Cylgl3,
<181
(66) [(0s{Kg}0sm)| < $n > 109, + Cylaly ¢ 19501,

151181

Proof. We will prove (65) for a real valued function g to make the notation less
cumbersome, although the result follows trivially for g = [g4,9-]. We write out
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the inner product in (65) using (62) to achieve

(05{Ag},039) = /]R 95 (5pi {U”Z} 9) dpgdp.

1 D i i
—/Rs {235 (wiiﬁ) 059 + 2050 Jap].g]apiagg} dp

(67) = i+ Y05 [ 00ty {al‘jjj;}aagaﬂgdp
R3

as<p

->.C3 / 2050 000y, 90p,039dp

3
a<p R

1 ii Di Dj
— C""/ —08_a (0”]) 0n9039d
Z BR32B o 7o gopgap

a<lf

Since a < [ in the last two terms below, (61) gives us the following estimate

i Pi ij ij Pi Pj -1
08— a0p; {U”}’ 4+ 108—a0™| + ‘8 —a (0”3)‘ < Cp,
‘ ? v Po ‘ 7 ‘ 7 Po Po 0

We bound the second and fourth terms in (67) by

CZ/ p(?ll@agaﬁgIdp=/ +/
R3 [p|<m [p|>m

asp

On the unbounded part we use Cauchy-Schwartz

_ C C
Z /|| Po ! \3a9369|dp < E‘aﬂgkf Z |8ag|(7 < — Z |6a9‘3
pl>m

a<h o<p ™ o<B

On the compact part we use the compact interpolation of Sobolev-spaces

[ S ososlar < [ jougl + i0agap
lpl<m (<3 Ipl<m (<3
<ol S [ leltarrcy [ ol
la|=|g|+1 7 IPISm [p|<m
< 0 D 10agl2 +Cylgl3

le| <18

27

For the third term in (67), we split into two cases, first suppose |a| < |8] — 1 and

integrate by parts on 0,, to obtain

/}R3 2 (85,a8piaij8a8pjg + 8B,aaij8pi &)ﬁpjg) Opgdp
loe|<|B]—1
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We bound this term by

c /}f1 000p, 9039 dp = / +/
2 RS o 10:00, 99 pl<m  Jlpl>m

la|<|B]
C
[ +510sgle Y 10ugle
pl<m jal<I8]

C
[ S ok
Ipl<m

m
le| <18

IN

IN

By the compact interpolation of Sobolev spaces

> / 1000p,9959|dp <0 D [0agls + Cyldl3
lal<|8] / IPI<m lal<|8|

Finally, if |a| = |8 — 1 for the third term in (67), we integrate by parts and use
Symimetry

2 | 05-007000,,90,,039dp = 2 | 03-00"000p,905—00a0y, gdp
R3 ' R3 '

R

Because the order of the derivatives on g is now = ||, we can again use the compact
interpolation of Sobolev spaces and (61) to get the same bounds as for the last case
la| < 8] =1 . We obtain

C
@349 050) = 030~ (n+ &) X 1ong ~ Gyl
| <8

This completes the estimate (65).
We now consider (03{Kg},0gh) and (66). Recalling (63), we use (45) with

w(p,q) = {8(1_7. + 2%} (9(q) - [1,1]), the Leibnitz formula as well as an integration

by parts to express (0s{K g}, 0gh) as

Z// ©., 27 (P,Q)\/J(p)J(9)0%, {8(1,. + ;qjo} (9(q) - [1,1])

x 9, (h(p) - [1, 1))@ o (p, q)dadp,

where the sum is a1 +as < 3,18 < |51] < 6]+ 1. And gbgfabo(p, q) is a collection
of the inessential terms, it satisfies the decay estimate (46) independent of the value
of B1. Therefore we can further express (9g{Kg},0gh) as

S [ . 0070045 @) 90, (1) - (1,100, (9(a) - (1, 1))l
where the sum is over |52] < |8] 4+ 1,]8] < |81| < |8] + 1. And, using (35) and (37),
we see that fig, s, (p, q) is a collection of L? functions. Therefore, as in (80), we split
(05K g}, 03h) to get

Z/ bij(p,q) T (p)"/* T (q)" 0, (h(p) - [1,1))0%, (9(q) - [1,1])dqdp

3 [ [ = 05} T 5@ 405, () - 1, 1), o) 1, 1) dad,
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In the same fashion as Jo in (80), for any m > 0, we estimate the second term
above by

C
- |0shl,, 72 1959], -
|81<18]

Since v;;(p, q) is a smooth function with compact support, we integrate by parts
over q repeatedly to bound the first term by

3 \ [ 0 100.00 70170 0) - 1.1)05, () - 1.1
<cm Y [[ 1@ 5w (ala) 11,105, (o) - [1,1)| dadp
< C(m) lgly 3 9, hly < C(m) lgl, 105h], -

where the final sum above is over |8] < |81] < |3| + 1. And we have used (60) to
get the last inequality. We conclude our lemma by choosing m large. ]

We now estimate the nonlinear term I'(f, g):
Theorem 4. Let |y|+ |8 < N, then
(68) (030, 0), )| < O S OG371210% " o + 19371613 ™ ala} bl
where the summation is over y1 <7, P2 + O3 < B. Further

’(%F(f,g), 3§h)’ < Cloghlle {lgllla AN+ 1Al gl -

Proof. Notice 'T(f, g) = ZMSW CT(07 f,07~ 7 g); thus it suffices to only con-

sider the p derivatives. From (64), using (45), we can write 9gI'(f, g) as

0. [ 4,87 (P. QT 05 {00, AP0} 5, 55, 0 )
—0p, / O, ®7 (P, Q) T(0)0%, 05, { f1(p) 04, 90(0) } 5, 5, 5, (P> 0)lg
+ [ ©0,0(P VTG00, { 500, 1)L b 4, 00000

- / ©5,0% (P, Q)v/J(9)95, 05 {apj fi (p)gk(q);;} O 5,5, (P> 0)da.

Above, we implicitly sum over i,7 € {1,2,3}, 1+ 02+ 3 < S and k € {+,-}.
And I € {+,-}. Recall Spglﬂfz-ﬂs (p,q) from Theorem 3. Further (46) implies

8
)‘Pgl,gg,gs(I% q)‘ <Cqy.
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We use the above two displays and integrate by parts over J,, in the first two terms,
to bound [(9sI(f, g), dsh)| above by

(69) C// T4 (q) ‘@ﬁlq’ij(ﬂ Q)agzgk(q)aﬁggapjfl(p)apiaﬂhl(p)‘ dqdp
@) +C [[ 140|068 (P. Q) 00,9002, (0)0y Db 1) dad
40 [[ 146) €3, (. Q19%,0,,91(0)05, £ (901 )]

+C // J1/4(Q) ]@g@ij(p,Q)agzgk(q)%amfl(p)aﬂhl(p)‘ dqdp.

In the above expressions, we add the summation over [ € {+,—}. It suffices to
estimate (69) and (70); the other two terms are similar. While estimating these
terms we will repeatedly use the equivalence of the norms in (60) without mention.
We start with (69).

We next split (69) into the two regions, A and B, defined in (34). We then use
(37) and the Cauchy-Schwartz inequality to estimate (69) over B

J 740 @8R, Q138,01(0105., 1010, 0510 dady

< [[[1p= a5 08,9 0095,8,, 70)9y 20 1) dacy
5 1/2
< C|9shlo (/M 105,05, ()" (/B Ip—ql7 T3(q) %gk(q)) dq) dp)

1/2
< Cl0gh|s|08,9)2 (/11@3 |aﬁsapjfl(p)}2 (/B p— q|—2J1/4(q)dq) dp)
< C|0phls|08,9|2108, flo,

where use (36) to say that [y [p — q|~2J"/*(¢q)dg < C. This completes the estimate
of (69) over B.
We estimate (69) over A using (35)

[ 74@)]04.9° (P.Q108,9091,0,, )0, 50| day

<C [[ 7750 [0,0.(005,0,, 1109, 051u) | dadp
< C10shlo105,12195, 71

This completes the estimate for (69).

Note that the difference between (70) and (69) is that d,, hits g in (70) whereas
Op, hit f in (69). This difference means we will need to use the norm | - |, to
estimate g but we are able to use the smaller norm | - |5 to estimate f. This is in
contrast to the estimate for (69) where the opposite situation held. The main point
is that | - |, includes first order p derivatives.

Using the same splitting over A and B as well as the same type calculation, (70)
is bounded by |0gh||03,9|-|08, f|2- This completes the estimate for (70).

The proof of (69) follows from the Sobolev embedding: H?(T3) C L°*°(T3).
Without loss of generality, assume |y;| < N/2. This Sobolev embedding grants us
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that

<Slip |8§;f(x)|2) 03, " g(@)]o + (aip |8g;f(x)|g> 1037 g(x)]a

< (S 103,71) 1937 9wl + (Z |8”2f||a> 93,7 9l

where summation is over |y < |y1| +2 < N since N > 4. We conclude (69) by
integrating (68) further over T3. O

We next prove the important estimates which are needed to prove Theorem 2 in
Section 5.

Theorem 5. Let |y| < N. let g(x,p) be a smooth vector valued L*(T3 x R3;R?)
function and h(p) a smooth vector valued L*(R3;R?) function, we have

(71) (0" T(g,9), )| < C Y [9shla Y 107gll D> 07glls
1B]<2 [vI<N l[vI<N
Moreover,
(72) (LY g, h)|| < Clla7g] > 195l
|B]<2

Proof. We begin with the linear term. By Lemma 6, (21) and two integrations by
parts (LO7g, h) is given by

L. 1 ..m: D
/ {—879 < 0p, (0p,h(p)20™) + ~oiLiligg. h(p)} dp
2 popo

—/{api {a”g;} g - h(p)} dp
—// %‘I)ij(PvQ)\/mJ(p)@”gz(q)@pi {J(p)‘whk(p)}dqdp,
+ [[ o, {29 P.@VT@} 1600 010, {161 21(0)} dady

we implicitly sum over ¢,j € {1,2,3} and k,l € {+, —}. Using cauchy’s inequality,
(L& g, h)||? is bounded by

2
2/ (/{—cﬂq-% (8p,h(p)20™) +;o“pzpjmg-h(p)}dp> da

Po Po

(73) 2/(/{8%. {oijig}@"’g-h(p)}dp>2dx
2 [ ([[ g0 vT@Imo ae, {167 ) dqdp)de

plus
(74)

2 [ ([[ o {27 r.vT@} 100 atw, {10000} dqdp.)zdx

We have split (73) and (74) because we will estimate each one separately.
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By the Cauchy-Schwartz inequality as well as (61), and that h(p) is not a function
of x, the first and second lines of (73) are bounded by

CY 1053 / 07g(x)Bdz = Cllong|? S [05hI3
18]<2 |8]<2

This completes (72) for the first and second lines of (73).
By the Cauchy-Schwartz inequality over dp the third line of (73) is bounded by

¢ S joank | < [ 2@t { / <I>“<P,Q>2J1/2<p>dp}l/2 dq>2dx

|B]<1
Recall again the splitting in (34), apply (35) and (37) (with a; = 0) to obtain

/ U (P, Q)% A (p)dp = /A*/B

< Cqé2+qé4/6|p—q\’2n71/4(p)dp

< Oogt

Using the Cauchy-Schwartz inequality again, this implies that the third line of (73)
is bounded by C||07g]||? >i81<1 |0sh|3.
To establish (72) it remains to estimate (74). From (33), we write

Po Po Po
8Qj = —%apj + (aqj + qoapf> = _%81%' + ®ej (q,p)

where e; is an element of the standard basis in R3. For the rest of this proof, we
write ®.;, = ©,,(q,p) for notational simplicity (although the reader should note
that it is the opposite of the shorthand we were using previously). Further,

0, {29(P.QI )} = ~29(P.QFE VI

*\/J(q)%apj‘l)”(P, Q) + VI (q)©., 7 (P,Q).

We plug the above into (74) and integrate by parts for the middle term in (74) to
bound (74) by

m  cf ( [[ Vi@V et .ot s o) dqdp)de
v [ ( [[Viaviw e, (r.Q0a (] 10au ) dqdp>2 dr.

Above, we add the implicit summation over |3| < 2. By the same estimates as for
(73), the first term in (75) is < C[|07¢g||? >181<2 |0h|3.

To establish (72), it remains to estimate the second term in (75). To this end,
we note that ©,,(¢,p)P-Q = 0. Further, ©, (q,p)®¥ (P, Q) satisfies the estimates

©,(q,p)2(P,Q)] < Cqlgy" on A,

©,(¢,0)2(P,Q)] < Caqigy'lp—g|™" on B,
where we recall the sets from (34). This can be shown directly, by repeating the
proof of (35) and (37) using the operator ®; (¢, p) in place of the operator ©., (p, q).
Plugging these estimates into the second term of (75), we can show that it is
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bounded by C||07g||* 3 5<2 [95h|3 using the same estimates as used for (73). This
completes the estimate (72).

We turn to the estimate for the non-linear term (71). This estimate employs
the same idea as for the linear term (72), i.e. to move the momentum derivatives
around so that we can get an upper bound in terms of at least one || - || norm.

The inner product (07T'(g, g), h), using (64) and an integration by parts, is equal
to

~cp [ 9T, 000 au(a) (9, + L ) haodads.
0
ij — Pi
v [ 01T 00, ) (9 + - ) hlodac
Above we implicitly sum is over 4,5 € {1,2,3}, 71 <7y and I,k € {+,—}.

Assume, without loss of generality, that |y;| < N/2 (and N > 4). We then
integrate by parts with respect to 9, for the first term above. After this integration
by parts, we obtain a term like 0, ®%. For this term we write it as Op, OV =
—g—g(‘?qj D + O, (p,q)®", where we used the notation (33). We then integrate by
parts again for this term with respect to d,,. The result is bounded above by

c / / T4(g) ., (p. )2 | |07 1) g ()| 195hu(p)]| dadp,

s [[ VI [#7(P.Q)| [0 a0)0,0~ 91(@)| 10510 dad.

where we sum over everything from the last display as well as over |31] < 1 and
|3] < 2. The main point is that we took 0, off of the function on which we want to
have an L? estimate (the function with less spatial derivatives). We use the same
procedure used to estimate (69) to obtain the upper bound (for both terms above)

C Y 19shls Y 107 gllo" " gls

181<2 lv1l<N/2
Therefore |<37F(g,g),h>|2 < OZ|5|§2|8ﬂh|%Z|’Yl\SN/2 |07 g|3]07" 1 g|2. Further

integrating over T® we get

(T (g, 9), WP <C Y 19shl3 > [ |07 gl3107 " gl2de.

181<2 [711<N/2
We establish (71) by using the Sobolev embedding: H?(T?) C L*(T3). O
We end this section with a proof that L is coercive away from it’s null space N.

Lemma 8. For any m > 1, there is 0 < C(m) < oo such that

1/2

1/2
C
(76) s|gg|h|a+0<m>{ / |g|2dp} { / |h|2dp}
m [p|<C(m) [p|<C(m)

Moreover, there is § > 0, such that
(77) (Lg,9) = 0| (1-P)gl3.
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Proof. We first prove (76). We split

(78) /3i{0ijpj}{g+h+ +9—h—}dp:/ +/ ,
Po (pl<m}  J{IpIzm)
By (61)

d,, {O,up]}‘ < Cpgl.
Po

So the first integral in (78) is bounded by the right hand side of (76). From the
Cauchy-Schwartz inequality and (60) we obtain

c c
(79) [ <2 [lalibidp < gl 1hl, -
{ m

lp|>m} T

Consider the linear operator K in (63). After an integration by parts we can write

(Kg,h) =Y / / O T ()T () Wy (P 0) Dy 91 () Deny it (p) e,

where ¥ = ®% (P, Q) and the sum is over i,j € {1,2,3}, |a1| < 1, |az] < 1 and
k,l € {+,—}. Also, ¥y, a,(p,q) is a collection of smooth functions, in which we
collect all the inessential terms, that satisfies

Va0 (s @) + [Pasas (p9)] < CTV5(0)T(q).
From (26) as well as Proposition 1,
Y (P,Q)J*(p) /4 (q) € L*(R® x R®).
Therefore, for any given m > 0, we can choose a C2° function ;;(p, ¢) such that

|@9.TH4(p) T4 (q) = sl L2 s xrs) < o
supp{¢i;} C {[p| + |g| < C(m)}, C(m) < oo.

We split
O VA (p)T A (q) = iy + {9 TV (p) T4 (g) — bij}
and
with
Jio= Z//wij(pv Q)\IquDQ(pu q)aalgk(Q)8a2hl(p)dqdp,
o=y //{‘P”Jl/“(p)f/“(q) — i }Way 0 (Ps @) Oy 1(0) O hu (p) dgdp.

The second term J> is bounded in absolute value by
DT ()T (q) = s 12 (3 xr) || Wy 03 Oers 91 (@) Deny P (P) || 2 25 ey

C C
< =00, g [T O0atu| < gl 10,
m 2 2 m
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where we have used the equivalence of the norms (60). For J;, an integration by
parts over p and ¢ yields

Bo= S (et / Ds 0L {1053 (P. ) Wery g (- 1)} 91 (@) Pt (p) gl

1/2 1/2
iyl { / g|2dp} { / |h2dp} .
Ip|<C(m) |p|<C(m)

This concludes (76).
We use the method of contradiction to prove (77). The converse grants us a
sequence of normalized functions ¢"(p) = [¢7 (p), 9" (p)] such that [g"|, =1 and

(82) /g”Jl/de = /pjg"J1/2dp=/ g"poJ?dp = 0,
R3 R3 R3

(83) (Lg",g") = —(Ag".g") = (Kg",g") < 1/n.

We denote the weak limit, with respect to the inner product (-,-),, of ¢" (up to
a subsequence) by ¢°. Lower semi-continuity of the weak limit implies |¢°|, < 1.
From (62), (63) and (21) we have

(Lg",q") = 19" |5 — (p, {Ujp;}g 9") = (Kg",g").

(81)

IN

We claim that

lim (3, {Ujpg}g 19") = (O, {0310;}90790% lim (Kg", ") — (Kg.g").

n—oo

For any given m > 0, since 8,,¢" are bounded in L*{|p| < m} from |¢g"|, = 1 and
(60), the Rellich theorem implies

[ o {a”‘pﬂ'} (6")? — 2, {a”‘pj} (6"
{lp|<m} Po {lp|<m} Po

On the other hand, by (79) with ¢ = h = g™, the integral over {|p| > m} is bounded
by O(1/m). By first choosing m sufficiently large and then sending n — oo, we
conclude (0, {c"/p;/po}g™, 9") — (Op{op;/P0}g’ 9°)-

We split (Kg", g") into J; and Js as in (80), then J5(g", g") < <. In the same
manner as for (81), we obtain

1/2
| J1(g", g™) — J1(g°, ¢%)| < C(m) {/ lg" — y°|2dp}
Ipl<C(m)

Then the Rellich theorem implies, up to a subsequence, J;(g",g") — J1(g°, ¢°).
Again by first choosing m large and then letting n — oo, we conclude that (Kg", g") —

(K go, g0)-
Letting n — oo in (83), we have shown that
0=1—- (9, {0"p;/po}g", ¢°) — (Kg°, ")
Equivalently
0=(1—g"7) +(Lg’ ¢°).
Since both terms are non-negative, [¢°|2 = 1 and (Lg%, ¢°) = 0. By Lemma 1,

g = Pg". On the other hand, letting n — oo in (82) we deduce that ¢° = (I — P) ¢°
or g° = 0; this contradicts |¢°|2 = 1. O
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4. LOCAL SOLUTIONS

We now construct a unique local-in time solution to the relativistic Landau-
Maxwell system with normalized constants (29) and (30), with constraint (31).

Theorem 6. There exist My > 0 and T* > 0 such that if T* < My/2 and
£(0) < My/2,

then there exists a unique solution [f (¢, z,p), E(t, x), B(t, )] to the relativistic Landau-
Mazwell system (29) and (30) with constraint (31) in [0,T%) x T3 x R? such that

sup E(t) < M.
0<t<T*

The high order energy norm E(t) is continuous over [0,T*). If
Fo(l'7p) =J+ J1/2f0 > 07

then F(t,z,p) = J + JY2f(t,x,p) > 0. Furthermore, the conservation laws (10),
(11), (12) hold for all 0 < t < T* if they are valid initially at t = 0.

We consider the following iterating sequence (n > 0) for solving the relativis-
tic Landau-Maxwell system for the perturbation (29) with normalized constants
(Remark 1):

{at+p-vx+§<En+pr").va5<En.p)}f"+1
Do Do 2 Do

(84) =& {E” : 5} VI+ K+ T )
0

I =10, [ $PQ0, (VIS @11 da
I = 1) 0y [ #9(P.QD, 0

OE" — Vo x B" = —J" = —/ LT~ 1y,
R3 Po
OB"+ V. x E" =0,
Vo BN =g = [ VI fdp, Ve B =0
R3
Above & = [1,—1], and the 2 x 2 matrix £ is diag(1, —1). We start the iteration
with
fo(t,a:,p) = [f_?_(t,x,p),fg(t,x,p)] = [fo7+(l',p),fo7_(I,p)]-

Then solve for [E°(t, ), B(t,x)] through the Maxwell system with initial datum
[Eo(x), Bo(z)]. We then iteratively solve for

[P e, p) = [f1T (G 2, p), RPN 2, p)], EMTN(E2), B Tt 2)

with initial datum [fo 4 (z, p), Eo(z), Bo(x)].
It is standard from the linear theory to verify that the sequence [f", E™, B"] is
well-defined for all n > 0. Our goal is to get an uniform in n estimate for the energy

Et)y=E(f™ E™, B")(t).
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Lemma 9. There exists My > 0 and T* > 0 such that if T* < % and
E(0) < My/2

then supg<;<p+ En(t) < My implies supg<i<ps Ent1(t) < Mo.

Proof. Assume |y| +[6] < N and take 0 derivatives of (84), we obtain:

{8t+p-Vz+£<E”+p xB”) -vp}agf"“
Po Po

—95{AD [} — 6T E - 9, {;’JW}
0

p n+1
(55) - > o (L) vaop
ﬂlz#:() ’ po e

;315 1 mn p —71 gn+1
+y ] 5 {m E" - 8, (po)}ag_glf +
_g Z C”YYl ONE"™. vp&g—’h fn+1
Y170
+e Y Cpeho <p) x O B V0 3 frH
(71,61)2(0,0) bo
+Os{K" "} + 4T (", ™)

+ 3 CR e ag (VIO (5 - )}
<00, [ #9(P.Q0, (VIO ")+ [1.1]) dy
+>C0s-p, {x/im (f*=rm) } 9, 0p, /R @Y(P,Q)0y,J (g)dg.

We take the inner product of (85) with 97 f"** over T? x R? and estimate this inner
product term by term.

Using (65), the inner product of the first two terms on the lLh.s of (85) are
bounded from below by

2 dt
For the third term on Lh.s. of (85) we separate two cases. If 8 # 0, its inner
product is bounded by

Of O + oz DIZ = nlllF O = Cyllo7 )]

(86) (7B 0510V T po}er, 070 ) | < Cllo B 1117

(0]
If 3 = 0, we have a pure temporal and spatial derivative 87 = 9, 8;11 8;2 3]33 We
first split this term as

—OE™. (pJ1/2) &
Po

_OVE"tL. (50‘]1/2) £

(87) —{E" - B <§J 1/2> €.
0
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From the Maxwell system (30) and an integration by parts the inner product of the
first part is

_ (67En+1 . {p\/j/po}&,mf”H)
7/ a’yEnJrl' <§\/j> {5‘7ff+1—8“’ff+1}dpdx
0

(88) = - / NE™L g gty
rd
2dt
And the inner product of second part in (87) is bounded by
C{UINE I+ B

We now turn to the r.h.s. of (85). The first inner product is bounded by (81| > 1)
C|||f**Y||%. The second, third and fourth inner products on r.h.s. of (85) can be
bounded by a collection of terms of the same form

s X [ toeris sy ([ ey i) d

o ¥ /3{|mlE"|+|man}(/3vpag_gif"“agf”ﬂdp)dx
(11.81)#(0,0) " T R

where the sums are over v < «, and #; < (. From the Sobolev embedding
H?(T3) C L*°(T?) we have

) s{ [ late.olar < [ swlate.aa ¢ S el
x R R3

[vI<2

17 E" @)1 + 10" B" (1)) -

We take the L™ norm in x of the one of first two factors in (89) depending on
whether || < N/2 (take the first term) or |y;| > N/2 (take the second term).
Since N > 4, by (90) and (60) we can majorize (89) by

O CUIE™MIT+ BB < CUNE I+ 1B LI
We take (66), use Cauchy’s inequality with 7 and integrate over T? to obtain

(10 77,0370 ) <l £ +n 035+ ol 72
For the nonlinear term we use Theorem 4 to obtain
@3T(r e, a5 < SO O3 Ol
+C[L O OGS )lo,

We turn our attention to the inner product of the second to last term in (85). We
integrate by parts over 0,, and apply Theorem 3 to the dg integral differentiated
by 0s,. Then this term is bounded by

/ 105,99 (P,Q)[ J"/(a) 0003 £1:(0)| |0n: (93,7 " @)1 17 (9)) | dpdad,
where we sum over m € {n,n+ 1}, 31 + 1 + B3 < 3, 4,7 € {1,2,3}, k,l € {+, -},

1] <1 |ag] < 1 and 93 < . We remark that a few of these sum’s are over
estimates used to simplify the presentation. This term is always of the form of one
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of the four terms in (69)-(70) up to the location of one p derivative. Therefore, as
in the proof of Theorem 4, this term is bounded above by

C (I o L Mo M+ LML)
AC (LRI T ™ M ) -

where the sum is over |y;| + |3;| < N, 81 + B2 < 8. For the inner product of the
last term in (85). The null space in (2) implies

/ (P, Q)07 (q)dqg = / 39 (P,Q) L J(q)dg = 01 21
R3 R3 q0 Po

Therefore (61) applies to the derivatives of the dg integral. Therefore, the inner
product of the last term in (85) is bounded by

[ 3w o) v

where we sum over m € {n,n+1}, |3| < |8| and k € {+, —}. This term is bounded
above by

C (I A+ ML) < CHL I+ ClLF .

By collecting all the above estimates, we obtain the following bound for our
iteration

1d
53 (I3FH @I + 107 ™ 012 + 107 B (@)117) + 193+ ()] 2

< alll O + Cyllo FH @2 + CHINE I+ IE I
NN + CHNE I + B IHIF 42
2
Enlll 112+ |03+ Cllon £
+C N Mo L+ 1L Mo ILF 13 117

+C (™ e ™ Mo L+ LN
ACILF I+l I

Summing over |y| + |3| < N and choosing n < % we have
(92) &) < ClEnii(t) +Ealt) + ES2DONIFHHIIZ(2)
+E2OIF Mo OIF o (1) + CELZ DN )
1
+ I E + UL o @) - I - Lo (6)-

By the induction assumption, we have

%\I\f"II\Q(tH|||E”|||2(t)+|IIB”|||2(t)+/ 117111 (s)ds
0

=&,(t) < sup &,(s) < M.
0<s<t
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40
Therefore,
t
/0 ™Mo () - LTI C) - o (5)ds
t 1/2 t 1/2
< s e { [ neiee ) { [ nmeize )
0<s<t 0 0
< My sup Ent1(s).
0<s<t
Upon further integrating (92) over [0, ¢] we deduce
t sup Enyi(s) + Mot + v/ M05n+1(t)>

Ent1(t) < Ent1(0) +C(
0<s<t

M
+=2 4 CM, sup Sifl(s) +Cv/ My sup Eny1(s),
4 0<s<t 0<s<t

and we will use the inequality
3/2
My sup En11(s) < MO/ + My sup Enti(s).

0<s<t 0<s<t

From the initial conditions (n > 0)
o= MH0,2,p) = folw,p)

0
Byt = E"N0,2) = Ey(2)
Byt B0, 2) = Bo(x),

we deduce that
83 6”1 = 8%]“0, 8“’E3+1 = 0"E), 8736‘“ = 0"By

by a simple induction over the number of temporal derivatives, where the temporal

derivatives are defined naturally through (84). Hence
Ent1(0) = Enpr (51 B, Bg ) = E([fo, Eo, Bol) < Mo /2.

It follows that for t < T,
« 1/2 x 32, Mo
(1 - CT* — CMO ) sup gn+1(t) 5n+1(0) + CMyT™ + CMO + —
0<t<T* 4
3
> My + CM, (T* T \/Mo) .

4

IN

O

We therefore conclude Lemma 9 if T* < % and My is small.

In order to complete the proof of Theorem 6, we take n — oo, and obtain a
solution f from Lemma 9. Now for uniqueness, we assume that there is another
solution [g, E4, Bg], such that supy<,<p« €(g(s)) < My with f(0,z,p) = ¢(0,z,p),
E;(0,2) = E,(0,2) and Bf(0,x) = By(0,2). The difference [f—g, E;— E,, Bf — B,]
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satisfies

{at+p-vw+s(E.f+p xBf) ~vp—A}<f—g>—<Ef—Eg>-pﬁgl
Po Po Po
(93) —5{Ef—Eg+; x (Bf—Bg)}Vp9+K(f—9)

se{Br 23 -0 +ef 5 -5) Lot 0.0 4TS - )

o
Oi(Ey — Ey) — Vi, x (By — By) = —/p%\/j{(f—g)fl},
vx~<Efng>:/ﬁ{<f—g>~sl},
6t(Bf—Bg)+VmX(Ef—Eg):O, Vm-(Bf—Bg):O.

By using the Cauchy-Schwarz inequality in the p—integration, and applying (90)
for sup, [ |V,g|?dp, we deduce (for N > 4)

<U{Ef —E,+ p% x (Bf — Bg)} - Vyg, f g>‘

C{ > ||3”9||a} {1E; = Egll + [|Bs = Byll}I|f = gllo

<

[vI<2

1

< C{Z ||3”9||§}{||Ef—Eg||2+IBf—Bg||2}+4||f—g|§

[vI<2

1
< C|||3”g|||2{||Ef*Eg\|2+|\Bf*Bg\|2}+1\|f79||3
1

< CMo{IIEf—Eg||2+||Bf—Bg||2}+1\|f—g\|3~

Similarly, we use the Sobolev embedding theorem as well as elementary inequalities
to estimate the terms below

p
\(Ef-pom—g),f—g)‘ N T
p
\(u{Ef—Eg}~g,f—g)\ < O —gllollEs— B, S 0]l
Po
[v|<2
1
< Yir—ge+ormliE - B

By Theorem 4 as well as (14),

(C(f =g, ) +T (g, f—9), f —9)|
<C{If = glllflle +11f = gllelFI +1Lf = glllglle + 11f = gllollgll} I[f — gllo
= CAlIFI+ Mgl 11 = gllz + C LU llo + gl } I1F = gllll f = glls

1
< CVMolf =gl + CLIAIG + lglz 3 1f =gl + Z1f = gllz

1
< OV/Mo||f = gll; + CMo|lf = gl* + Z11f — 9ll3



42 R. M. STRAIN AND Y. GUO
From the Maxwell system in (93), we deduce from (88) that

— (2Bs — By) - VT po)éa, f — ) = S AI1Es — Byl +11By — By 1%}

By taking the inner product of (93) with f — g, and collecting above estimates as
well as plugging in the K and A estimates from Lemma 8, we have
d

1
31 =P+ B~ P + 113y ~ B |+ 1f - gl

CAMo + VMo + 1YIIF = ol +11Bs — Byl +11B; — Byll?
C 3
+( &+ evim+3) il - a2

If we choose m and M, so that % +C+/My < % then the last term on the r.h.s. can
be absorbed by ||f — g||> from the right. We deduce f(t) = g(t) from the Gronwall
inequality.

To show the continuity of £(f(¢)) with respect to ¢, we have from (92) that as
t—s

1E(t) — E(s)] gCMO(ts)+C’< sup 51/2(T)+1>/ A1 (7)dr — 0.

s<t<t

IN

For the positivity of F = J + JY2f, since f™ solves (84), we see that F" =
J 4 JY2 f solves the iterating sequence (n > 0):

{@ + p% Vo + € (E" + p% x B") : vp} Frl = gmod(prtt pry

together with the coupled Maxwell system:

OE" -V, x B =" =~ [ LAFr-Fap,

R3 Po
5tBn+Vx><E”:07 VIBRZO,
Vo B =p" = / {F} — F}dp.

R3
And, as in (84), the first step in the iteration is given through the initial data
FO(t, r,p) = [F_?_ (t,z,p), F° (t,z,p)] = [Fo.+(2,p), Fo.—(x,p)]
= T+ foslep),d + I fo ().

Above we have used the modification ™ = [CT'*?, C™°9] where
CIUF L) = 0,0, P ) [ 99(P.Q) (L4 FY) dy
R3
0, P ) [ 0,09(P.Q) (P +F) dg
R3
O, F ) [ SUPQD, (P + ") dg
R3

2000, [ (P.Q, (P + F) da

Since FY(t,z,p) > 0 Lemma 4, the elliptic structure of this iteration and the
maximum principle imply that F"*1(¢t,z,p) > 0 if F™(¢t,2,p) > 0. This implies
F(t,x,p) = 0.
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Finally, since £(t) < +oo, [f,0*E,8?B] is bounded and continuous. By F =
J + JY2f, it is straightforward to verify that classical mass, total mometum and
total energy conservations hold for such solutions constructed. We thus conclude
Theorem 6.

5. POSITIVITY OF THE LINEARIZED LANDAU OPERATOR

We establish the positivity of the linear operator L for any small amplitude
solution [f(t,z,p), E(t,z), B(t,z)] to the full relativistic Landau-Maxwell system
(29) and (30). Recall the orthogonal projection P f with coefficients ay,b and ¢
n (19). For solutions to the nonlinear system, Lemmas 11 and 12 are devoted to
basic estimates for the linear and nonlinear parts in the macroscopic equations. We
make the crucial observation in Lemma 13 that the electromagnetic field roughly
speaking is bounded by ||f||s(¢) at any moment ¢. Then based on Lemma 10, we
finally establish Theorem 2 by a careful study of macroscopic equations coupled
with the Maxwell system.

We begin with a formal definition of the orthogonal projection P. Define

Po =/ J(p)dp, p; = /Rsp?zf(p)dp (i=1,2,3),

R3
p4=/ p|J (p)dp, p5=/ poJ (p)dp.
R3 R3

We can write an orthonormal basis for A in (15) with normalized constants as

€ = p(;l/Q[']l/Q? 0]7 € = pal/z[ov ‘]1/2]’

€?+2 = (2pi)71/2ﬂpi<]1/27pi<]1/2] (Z = 17233)7 6; = Cp <[p03p0} - %[17 1]> J1/2

2
where c5? = 2(po + pa) — 22—3. Now consider Pf, f = [fi,f-], we define the
coefficients in (19) so that P is an orthogonal projection:

~1/2 5 —-1/2 5
ay = py €)= e an =y PfLe) - 2

(94) by = (2p;) V23S, €ia)s ¢ = colf,€h).
Proposition 2. Let 97 = 9]°0)1072072. There exists C > 1 such that

1
GIIOPLIG < 1107 ax[[* +[[078]]* +[|07¢l[* < Cl[07P £,

For the rest of the section, we concentrate on a solution [f, E, B] to the nonlinear
relativistic Landau-Maxwell system.

Lemma 10. Let [f(t,z,p), E(t,x), B(t,x)] be the solution constructed in Theorem
6 to (29) and (30), which satisfies (31), (10), (11) and (12). Then we have

2
(95) 2 /T3b<t,x> = | Blt.a) < E(t.x),
©0) | [ asttn)|+| [ oo +|[ o) < cOBP+IB-BI).

where a = [ay,a_], b= [by,ba,bs], ¢ are defined in (94).



44 R. M. STRAIN AND Y. GUO

Proof. We use the conservation of mass, momentum and energy. For fixed (¢, z),
notice that (94) implies

[ o+ Wl = S3t0.3) [P a.

Hence (95) follows from momentum conservation (11) with normalized constants.
On the other hand, for fixed (t,z), (94) implies

j(fiwﬂ7dp = poax(t,z) + psc(t, x),
[mtse+ £-WTdp = pofas(tia) +a_(t2)} + 200 + pa)elt. o),

Upon further integration over T2, we deduce from the mass conservation (10) that
Jps ag = [raa_ = —be Jps ¢. From the reduced energy conservation (12),

- [ s+ 150 - 82 =2 (m+ o= 2) [

By the sharp form of Holder’s inequality, (po + p4)po — p2 > 0.
O

We now derive the macroscopic equations for P f’s coefficients a+,b and c. Re-
calling equation (16) with (17) and (18) with normalized constants in (104) and
(105), we further use (19) to expand entries of Lh.s. of (16) as

{m%+é?wmixg}+%fy@+m{W@+m@+pm%}ﬂﬂm
0 0

where 0° = 0; and 97 = O, For fixed (t,z), this is an expansion of Lh.s. of (16)
with respect to the basis of (1 <1i,j < 3)
[\/‘77 0}7 [Oa \/j]v [p]\/j/p()a 0]7 [Oap]\/j/pOL
(97) (V' T, 0V J), [pipiV'T [P0, pipiV/ T [pol, [PoV' T, poV'T]
Expanding the r.h.s. of (16) with respect to the same basis (97) and compar-

ing coefficients on both sides, we obtain the important macroscopic equations for
a(ta .13) = [CL+ (ta I)a a—(tv ZC)], bz(tv ZC) and C(tv ZIJ):

(98) c=1.+ he,

(99) dc+0%; =1; + h,,

(100) (1= 6:5)0"b; + 07b; = Lij + hij,
(101) dar F E; =15 + b,

(102) Par =1F +hE.

Here I.(t,x),li(t, x), l;;(t, x), li(t, x) and [ (t,x) are the corresponding coefficients
of such an expansion of the linear term [({I — P} f), and h.(t,z), hi(t, x), hii(t, ),
hE(t,x) and hE(t,x) are the corresponding coefficients of the same expansion of

the higher order term A(f).
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From (19) and (94) we see that

/[P\/j/po,—p\/j/po] -Pfdp

JWT VI sy = s —a).

We plug this into the coupled maxwell system, (30) and (31), to obtain

0,

(103) WE—VyxB=—-J= / [V J /o, —pV'J [ po] - {1 — P} fdp,
RS
8tB+VI XE:O, Vz~E:p0{a+fa_}, VIBZO
We rewrite the terms (17) and (18) in (16) with normalized constants as
(104) {({I—P}f) —{@—I—zf-vx—&-L}{I—P}f,
0

£
2

(105) h(f) ¢ (E+Z‘Z)><B> Vo f +

Next, we estimate these terms.

{E~Ifo}f+r<f,f>.

Lemma 11. For any 1 <14,5 <3,
> NVl +1107E] + 10751 + 1075 + 1071 | + 107 T ||

[v[<N-1
<c Y |{1-Plos].
[v[<N
Proof. Let {e,(p)} represent the basis in (97). For fixed (¢,x), we can use the

Cram-Schmidt procedure to argue that the terms I.(t, ), l;(t, x), Lij(t, ), IZ(t, )

and [ (¢, ) are of the form
18

Z en{l{I=P}f), €n),

n=1

where ¢, are constants which do not depend on on f. Let |y| < N — 1. By (104)

[or-pyn-cutian = - [ {at +L.v, L} (T-P)O"S(p) - e (p)dp.

We estimate the first two terms,
[0+ 2w P)op) - cdpl?

<2 [ledpx [ lea@I({I-PIOTT I + {1~ P)V.07f)dpds
T3 xR3
< C(I{T =P} fI]> + |{T = P}V, f|]?) .
Similarly, we have
107511 = 11 [ =0T 0.0/ o) (X~ P} gl < CII{T = P} .

Using (72) we can estimate the last term
KT =P} f, )| < CI{T = P} f]].
Indeed (72) was designed to estimate this term. O
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We now estimate coefficients of the higher order term h(f).

Lemma 12. Let (14) be valid for some My > 0. Then
D 07 hel| + 1107 hal| + 1107 higl| + 1107 higl| + 1107 hg ||} < OV Mo Y (107 lo-
V<N SN

Proof. Let |y] < N, recall that {e,(p)} represents the basis in (97). Notice that
0"he, 0" h;, 07 hyj, GVhZEi and GVhf are again of the form
18

> En(0"h(f),€n).

n=1
It again suffices to estimate (07h(f),€,). For the first term of h(f) in (105), we
use an integration by parts over the p variables to get

- [otews L xp)- v}
= - Z C’;“ /Vp AE(OME+ p% x O B)O"" M f} - €, (p)dp

>y oo /f(mlE + p% x O B)O" T f - Vpen (p)dp

1/2
cX (ol o By { [0 Pap}

The last estimate holds because V,e,(p) has exponential decay. Take the square
of the above, whose further integration over T? is bounded by

(106) c/ (|07 B| + |07 B|)? {/a’v—%fﬁdp} da.
'JTS

If |v1] < N/2, by H3(T?) C L>°(T?3) and the small amplitude assumption (14), we
have

IN

sup{|07 E| + |0 B[} < C Y A" E@) + 10" B(®)]]} < CV/Mo.

IvI<N
If |[y1] > N/2 then [,{|07 E| + |07 B|}?dxz < M, and, by (90),

sup{/a* g dp} <C Y 10 FwIP.

[vI<N

We thus conclude that (106) is bounded by CvMo -, < 107 f]]-
The second term of h(f) in (105) is easily treated by the same argument, for

/587{ )1} ol
— C"‘/l /{ a'YlE )87 ’Ylf} €n ( ) p

1/2
cx ol [ 8””1f|2dp} .

For the third term of h(f) in (105) we apply (71):

TS, el <C D0 107 F@I Y 107 FOlle < CVMo Y 1107 flo

[vI<N [vI<N [v|<N

IN
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We designed (71) to estimate this term. O

Next we estimate the electromagnetic field [E(t, ), B(t,z)] in terms of f(t,z,p)
through the macroscopic equation (101) and the Maxwell system (103).

Lemma 13. Let [f(t,x,p), E(t,z), B(t,z)] be the solution to (29), (30) and (31)
constructed in Theorem 6. Let the small amplitude assumption (14) be valid for
some My > 0. Then there is a constant C > 0 such that

> B+ 107{B@ - BYI < > (1070l + VMollo f(B)]]s ) -
[v[<N—-1 |v|<N

Proof. We first use the plus part of the macroscopic equation (101) to estimate the
electric field E(t, ) :

~E; =5+ h, — 970,
Proposition 2 says ||070%a, || < C||PO79' f||. Applying Lemmas’ 11 and 12 to 971,
and 07h, respectively, we deduce that for [y| < N — 1,
(107) Ei<e Y (17 @l + VAl fwll,)
V<N

We next estimate the magnetic field B(¢,z). Let |y] < N — 2. Taking 07 to the
Maxwell system (103) we obtain

Vex0"B=0"J+00"E, V,-0"B=0.

Lemma 11, (107) as well as [|[V x &B|* + (V- 3"B)?*dz = [}, (8,07 B;)*dx
imply

Vo Bl < cfllongl| +lao Bl < ¢ S (1107 Foll + Vllo" o)l

[v'[EN

By 0:0"B +V x 0"E = 0, [|0;0"B|| < ||V x 97E||. Finally, by the Poincaré
inequality ||B — B|| < C||VB]||, we therefore conclude our Lemma. O

We now prove the crucial positivity of L for a small solution [f (¢, z,p), E(t, x), B(t, z)]
to the relativistic Landau-Maxwell system. The conservation laws (10), (11) and
(12) play an important role.

Proof of Theorem 2. From (77) we have

(LO"f,07f) = o|[{1 = P} fI[3.

By Proposition 2, we need only establish (20). The rest of the proof is devoted to
establishing

> {l107ax|| + (1070l + [|o7¢l[}

[vISN

(108) <C Y IHI-PY SO+ CVMy Y 1107 (D)l

[vISN [v|I<N
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This is sufficient to prove the upper bound in (20) because the second term on the
r.h.s. can be neglected for My small:

DOl < Y 1P+ Y IHI-PI (D)l

[vI<N [yI<N [v|<N
< C Y (l0axl|+ 1070l + [|07cl) + D [{T =P} F(#)]]o-
[v|<N [v|<N

We will estimate each of the terms a,b and ¢ in (108) one at a time.
We first estimate VO7b. Let |y] < N — 1. From (100)

ADb; + 07 (V- 97b) = 0" (070'b; + 070D,
=007 (lij + hij) (1+ 655)

Multiplying with 07b; and summing over j yields:

/ (V-0 + 3 (9°07b,)” ¢ da
’I[‘S

,J
Y /jT (@1 + 07hyy) (14 6,;)0'07b; da.
,J

Therefore

Y lo'ab P < o [ D110yl | D {1107l + 107 i1}

1,5 ,J
which implies, using (Z” |\8i87bj||)2 <O, [[0707b;||?, that
(109) Z 10°07b;11 < C > {11071s511 + 1107 hig [}
0.
This is bounded by the r.h.s. of (108) by Lemmas 11 and 12. We estimate purely

temporal derivatives of b;(t, z) with v = [4°,0,0,0] and 0 < 4° < N — 1. From (98)
and (99), we have

b, = U +0"h; —9'Pe
= O+ 8h; — 8%
= O+ 0"h—0"l,— 0 he,
where |7/| = 7°. Therefore,
[0°07i]l < € (11978 + 107 Rall + 107 L] + 1107 hell )

By Lemmas 11 and 12, this is bounded by the r.h.s. of (108). Next, assume
0 < 4% < 1. We use the Poincaré inequality and (95) to obtain

a7’ / bi(t, z)da
} .

0
107 bil|

IA

0
c{wag bill +

c{|vaz°bi|| +

0
o) /Edex
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By (109), it suffices to estimate the last term above. From Lemma 13 and the
assumption (14), with My < 1, the last term is bounded by
° 70
;" BI| - |EIl +11BI] - |9, Ell

<ViLe Y (Il £l + V%10 F )l )

[vI<N

<oy 3 11970l

[v|<N

We thus conclude the case for b.
Now for ¢(t, x), from (98) and (99),
10°cll < C{[[07Le]| + 1107 hel[},
VOl < C|8°07bi|| + [|107Li|| + ||07 hi|-
Thus, for |y| < N — 1, both |[8°07¢|| and ||[V7c|| are bounded by the r.h.s. of

(108) by the above argument for b and Lemmas 11 and 12. Next, to estimate c(t, )
itself, from the Poincaré inequality and Lemma 10

C’{|Vc|| + ’/cd:z:

C{lIVel| + [1E|* + 1B — BII*}.

el

IN

IN

Notice that from (3) and Jensen’s inequality |B| < || B||. Using this, Lemma 13 and
(14), with My < 1, imply

IEII> +1|B = B|I> < ||E|I* + C||B = BI|(I|BI| + IBl)) < Cv/My > |07 (1)l
[vI<N

We thus complete the estimate for ¢(¢, x) in (108).
Now we consider a(t, z) = [a4(t,z), a—(t, z)]. By (102),

10007 ax]| < C {07 + 107 hg ||} -

We now use Lemma 11 and 12, for |y| < N — 1, to say that [|0;07al| is bounded
by the r.h.s. of (108). We now turn to purely spatial derivatives of a(t,x). Let
|v| < N —1 and v = [0,71,72, 73] # 0. By taking 8 of (101) and summing over i
we get

(110) ~Adar £V -E ==Y 9% +hE}.

But from the Maxwell system in (103),
V-9E = po(07ay —da_).

Multiply (110) with 87a- so that the & terms are the same and integrate over T3.
By adding the £ terms together we have

IV ar |2 + |V a_ | + polld7ay — 87a_|]
< OV ayl| + IV a_ ||} S 11075 + i) -
+
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Therefore, ||V ay|| + ||V a_|| < 3o [|07{l5 + hif}||. Since 7 is purely spatial,
this is bounded by the r.h.s of (108) because of Lemmas 11 and 12. Furthermore,
by the Poincaré inequality and Lemma 10, a itself is bounded by

/ aydx

< Cl[Vazl|l+ C{IE|? + 1B - B|I*},

lax|l < CllVay||+C

which is bounded by the r.h.s. of (108) by the same argument as for c. We thus
complete the estimate for a(t, ) and our theorem follows.

6. GLOBAL SOLUTIONS

In this section we establish Theorem 1. We first derive a refined energy estimate
for the relativistic Landau-Maxwell system.

Lemma 14. Let [f(t,z,p), E(t,x), B(t,z)] be the unique solution constructed in
Theorem 6 which also satisfies the conservation laws (10), (11) and (12). Let the
small amplitude assumption (14) be valid. For any given 0 < m < N, |8 < m,
there are constants Cig > 0, C, >0 and 6,, > 0 such that

> %%Cwuagf(>||2+2dt|\|[EB]|||()

|BI<m,|v|+]BI<N

(111) + > SmllogfBI5 < Crv/EDIILIIZ(

IB|<m,|y[+]BI<N

Proof. We use an induction over m, the order of the p—derivatives. For m = 0, by
taking the pure 97 derivatives of (29), we obtain:

{8t+p-vw+§<E+§xB> -vp}avf
0

(112) {WE b }f& +L{o" f}
=- >y Cr¢ <5%E+ = x a%B> SV, f
1170 po
+ Z C;n {g {ale . ;)0} N4 F(a'nf)@w—'hf)}

Y1<y

Using the same argument as (88),

(@B (VT /)0, 071) = 5 5

Take the inner product of 97 f with (112), sum over |y| < N and apply Theorem 2
to L{07 f} to deduce the following for some constant C' > 0,
1d
> (107 F@OI1Z + 17 E@|* + 107 B@)II®) +d0 Y 107 F(®)ll5

2dt
[VIEN [v[<N

< C{IIANE + &, BN HIANZ @) < CVEDIIINGC

We have used estimates (89-91) and Theorem 4 to bound the r.h.s. of (112). This
concludes the case for m = 0 with Cy =1 and Cgj = C.

OEMP + 107 B(1)|*} -
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Now assume the Lemma is valid for m. For 3] = m + 1, taking 93(8 # 0) of
(29), we obtain:

{at+p~vm+£(E+p><B) ~Vp}8gf8”E~8a{p\/3}&
Po Po Po

(113)  +0s{Ld"f} + Y C5' 0, (;) Vo0 g f

B1#0
1 15 1 p - 1 1 -n
= > crey Q{av E- g, (po)}ag_glf— > CrEomE -V, f
7 #0
1 1 p 1 -n
- > CrCos (po) x OB - V,05"

(71,81)#(0,0)
+ Z o DT (9 fOV " f).

We take the inner product of (113) over T? x R? with 8; f . The first inner product
on the left is equal to %%H@;f(t)HQ. Now |y| < N —1 (since |8 = m + 1 > 0),
Lemma 13, (60) and My < 1 imply (after an integration by parts) that the second
inner product on l.h.s. is bounded by

(07E - 9{pV/T [po}er, ) < CIIOVE|| - |0 fI| < CIO7fII D 1107 fllo

[v/I<N

From Lemma 7 and Cauchy’s inequality we deduce that, for any n > 0, the inner
product of third term on Lh.s. is bounded from below as

(051207 £1.001) = 1103412 =0 = 13112 — Collo 11
1B1<18]

Using Cauchy’s inequality again, the the inner product of the last term on Lh.s. of
(113) is bounded by

3 FON +C > (1V205 5, £

[B1]>1

By the same estimates, (89-91) and Theorem 4, all the inner products in r.h.s.
of (113) are bounded by C+/E(#)|||f|||2(). Collecting terms and summing over
I8l = m+ 1 and |y| + |B] < N, we split the highest order p-derivatives from the
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lower order derivatives to obtain

> {5l el

|Bl=m+1,[v|+]BI<N

IA

Yo 2.l F Ol + CVEDIIAI

[Bl=m+1,|y|+IBISN | |18]=m+1

+ > (C+2Cy) > 193115

|Bl=m+1, 1y |+|BI<N 1B|<m,|y|+|BI<N

Zmt1 > 20103 S (D17 + CVEDIIFIIZ @)

|Bl=m+1,[y|+]B|<N

+Zm41(C +2Cy) > 10315
1B <m, T HBI<N

IN

Here Z,,+1 denotes the number of all possible (v, 8) such that |3] < m+1, |y|+|3| <

N . By choosing = 3 Z — , and absorbing the first term on the r.h.s. by the second

term on the left, we have, for some constant C(Z,+1),

1
> {5gleror 2||agf<t>||3}

[Bl=mA+1,|y|+IBI<N

(114) < C(Zmt) > 13115 + VEDIINIIZ

|BI<m,|y|+]BI<N

We may assume C(Z,+1) > 1. We multiply (114) by W and add it to (111)
for |8] < m to get

Om - 2 Om v 2
> g oo + gl

\ﬁ|:m+1’\7\+|BISN

LD

|BI<m,|y|+[BI<N

T DR (3701

[BI<m,|v|+[BI<N

<y e+ {o+ ) vE@Ee

|BI<m,|v|+]BI<N

2 (IR + 1o E@I? + 17 BO|P)

o |
Q.

dt

Absorb the first term on the right by the last term on the left. We conclude our
lemma by choosing

1 4C(Zms1) Om1 4C(Zmy1) — 2 O =Cn+ 3
Nothing that C(Z,,4+1) > C(Zy) and 0y, < Opp—1. O

We are ready to construct global in time solutions to the relativistic Landau-
Maxwell system (29) and (30).
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Proof of Theorem 1: We first fix My < 1 such that both Theorems 2 and 6 are
valid. For such an My, we let m = N in (111), and define

yiy= D Cllagf @I + IE BIIF@).
yI+18I<N

We choose a constant C; > 1 such that for any ¢ > 0,
t

Cl‘l{y(t)Jr(zv ; |||f|||§(s)ds} < &(t)
O [ 12 (s
e <o {o+ 2 [ sz}

Recall constant C% in (111). We define
5% My
i { 8C32C? 207 } ’
and choose initial data so that £(0) < M < Mj. From Theorem 6, we may denote

T > 0 so that
T =sup{t: E(t) < 2C2M} > 0.
¢

Notice that, for 0 < t < T, £(t) < 202M < My so that the small amplitude
assumption (14) is valid. We now apply Lemma 14 and the definitions of M and
T, with 0 <t <T, to get

y' () + onllIfII15 ()

< CRVEMIIIL ) < CyCvaMI||flIIZ ()
b}
< g\l\fllli(t)-

Therefore, an integration in ¢ over 0 <t < s < T yields

&) = a{ue B[R] < o
(115) < e
< CIM < 2C}M.

Since £(s) is continuous in s, this implies £(T) < C?M if T < oo. This implies
T = oco. Furthermore, such a global solution satisfies £(t) < C2£(0) for all t > 0
from (115). Q.E.D.
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